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Abstract. By extending the Solow growth model so as to include the unemployment
rate as an endogenous variable, I construct a medium-run growth model and explore
evolutions of major macroeconomic variables in the medium-run. Instead of assum-
ing that the real wage rate is perfectly flexible to assure always full-employment in
the labor market, I introduce a wage-setting equation a la Blanchard (Brooking Pap.
Econ. Act. 2:89–158, 1997) that assumes a negative relation between the level of real
wage and the unemployment rate. An important characteristic of this model is that it
includes unemployment even in the steady growth equilibrium. This model can ana-
lyze the theoretical relationships among the main macroeconomic variables including
the rate of growth, the rate of unemployment, and the labor share of income in the
medium-run. Applying this model to the Japanese economy, we attempt to explain
the trend of major macroeconomic variables during the last 50 years; as the growth
rate of real GDP tended to decline over last 50 years, the unemployment rate, the
capital coefficient and the labor share had tendencies to rise over time. The trends
of these macroeconomic variables are shown to be explained consistently with our
model under certain conditions on parameters of the model.

Key words: capital coefficient, labor share, medium-run growth model, the rate of
unemployment
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2 H. Adachi

1. Introduction

Macroeconomic theory is broadly divided into two sub-areas: the long-run
theory and the short-run theory. The former focuses on growth and its deter-
minants, and the latter on the study of business cycles. In standard textbooks
of macroeconomics, the key difference between the short-run and the long-
run is considered to lie in the behavior of prices and wages. In the long-run,
prices and wages are flexible and respond to excess supply or demand to clear
any market. In the short-run, many prices and wages are sticky at some prede-
termined level. The short-run theory deals with macroeconomic fluctuations
that reoccur every 5–10 years, while the long-run theory analyzes the patterns
of growth that arise over periods of several decades.

Recently, there has been substantial interest in macroeconomic problems
that do not easily fit into either of these two sub-areas. As examples of such
problems, we may mention divergent trends in unemployment in Europe in
1980s and 1990s, persistent stagnation in Japan in 1990s, and the long lasting
boom in the US from 1991 to 2001. Each of these phenomena is not easily
categorized as a business cycle or a growth phenomenon. Neither the short-
run theory nor the long-run theory can provide an appropriate framework to
analyze those phenomena, so that different tools for analysis may be required
to understand them. Blanchard [2] calls macroeconomic changes that extend
over periods of 10–20 years as medium-run phenomena, and suggests the
importance of developing macroeconomics of the medium-run.1 This area
of research is developed also by Malinvaud [5, 6], Solow [8, 9], Beaudry [1],
and so on.

In this paper, we construct a medium-run growth model, which can ex-
plain the persistent unemployment, by introducing the wage-setting equation
into the Solow growth model. If the rate of technological progress is constant
and labor-augmenting, this model has a unique steady growth equilibrium
that satisfies the stability condition as is the same in the Solow model. In
contrast to the Solow model, however, our model includes a constant rate
of unemployment even in the steady growth equilibrium. This is due to the
imperfect flexibility of wages that is implied by the wage-setting equation.

1 The definition of the medium-run, especially about its span, is different depend-
ing on the authors. Blanchard [2] has suggested naming macroeconomic changes that
spread over periods of 15–30 years. Solow [8] defined the medium-run as “five-to-
ten-year time scale at which some sort of hybrid transitional model is appropriate.”
Beaudry [1] says “medium-run macroeconomics refers to aggregate economic phe-
nomena that manifest over periods of 10–25 years.” In spite of some differences in
their view of the time span, all of them agree in the point that this area of research deals
with the phenomena that are not dealt with either by short-run or long-run macroeco-
nomics.
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Thus, our model may be characterized as a medium-run growth model since
it deals with the time horizon over which the labor market is not cleared com-
pletely. Using this model, we will analyze how the rate of economic growth,
the rate of unemployment and the labor share are related each other in the
medium-run.

As an application of this model, we attempt to explain the trend of major
macroeconomic variables in Japan during the last 50 years. As the growth
rate of real GDP tended to decline over last 50 years in Japan, the unemploy-
ment rate, the capital coefficient and the labor share tended to rise over time.
The trend of these macroeconomic variables are shown to be explained con-
sistently, according to our model, if parameters in the model such as the rate
of labor-augmenting technological progress, the capital efficiency coefficient,
the rate of saving, and the elasticity of substitution between labor and capital
satisfy certain conditions. These conditions, we argue, seem to conform to
what happened in the Japanese economy during the last 50 years. The frame-
work of our model is so simple and general that it may provide interpretations
of medium-run evolutions not only in Japan but also in other countries.

2. The medium-run growth model

In this section, we construct a medium-run macroeconomic model that can
explain changes in unemployment in the evolution of the growth path. The
model developed below basically adopts the framework of the Solow growth
model,2 but extends it so as to include unemployment as an endogenous vari-
able. The model may be called “the medium-run growth model” since it deals
with the time horizon over which the labor market is not yet perfectly ad-
justed. In other words, it deals with the period that is not as short as prices
are considered to be rigid, but is not so long as prices are considered to be
flexible enough to attain full-employment. Thus, the model developed below
is able to analyze the determination of the unemployment rate in the growth
process.

The production function is assumed to include factor augmenting techno-
logical progress to be represented as follows:

Y = F(AN,BK), (2.1)

where Y is output, N is labor employment, K is the stock of capital, A is
the efficiency of labor, and B is the efficiency of capital. Assuming that the
production function is subject to the constant returns to scale, we can rewrite
it as

y = Bf (n). (2.2)

2 As for the Solow growth model, see [7].
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Here, y is output per unit of capital and n is the efficiency labor per unit
of efficiency capital, i.e.

y ≡ Y

K
, n ≡ AN

BK
. (2.3)

The production function rewritten in the ratio form as f (n) is assumed to
be concave in the strong sense and satisfy the following conditions:

f (0) = 0, lim
n→0

f ′(n) = ∞, lim
n→∞ f ′(n) = 0. (2.4)

We assume, as with the Solow model, that a constant proportion of in-
come is saved and invested. Then, the growth rate of capital is given by the
following equation:

K̇

K
= sBf (n), (2.5)

where s represents the saving rate. It is assumed, for simplicity, that there is
no depletion of capital.

The structure of the model formulated so far is the same as that of the
Solow model. However, the formulation of the labor market in our model
is different from that of the Solow model. Instead of assuming that wages
and prices are always market-clearing, our medium-run growth model as-
sumes that prices and wages are more or less sticky due to the behavior of
monopolistically competitive firms and the bargaining between firms and la-
borers. The price-setting equation together with the wage-setting equation
determines the real wage rate and the employment rate (i.e., one minus the
unemployment rate). The employment rate thus determined is normally less
than unity, meaning that there exists unemployment.

At each point in time, a firm with given stock of capital faces the prob-
lem of determining employment and output. For simplicity, let all firms be
homogeneous. Then, n that is defined by the second equation in (2.3), is both
employment of a firm with given stock of capital and the ratio of labor to
capital for the economy as a whole. As each firm is monopolistically com-
petitive in the goods market, it faces the downward sloping demand curve.
The demand for its goods is assumed to be given, in the inverse form, by

p =
(

y

ȳ

)−η

, 0 ≤ η < 1. (2.6)

Here, p is the price charged by the firm relative to the price level, ȳ is the
average output of all firms, and η is the inverse of the elasticity of demand.
At each point in time, a firm determines the amount of labor for given capital
stock n to maximize profit per unit of capital π which is expressed as
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π = py −
(

B

A

)
wn. (2.7)

Here, w is the real wage rate in terms of the price level. The first order
condition of the profit maximization and the symmetry condition that all firms
must charge the same price (i.e., p = 1) imply that

(
1
μ

)
f ′(n) = w

A
, (2.8)

where μ= 1/(1 − η) is the markup of price over marginal cost. For any
given real wage rate, this equation determines the demand for labor per unit
of capital for each firm. Then the aggregate demand for labor becomes as
N = (B/A)nK .

Let us next consider the supply side of the labor market. The Solow model
assumes that the supply of labor grows at a constant rate independently of
the wage rate, and that it is fully employed through the adjustment of flex-
ible wages and prices. In our medium-run growth model, by contrast, the
supply side of the labor market is represented by a wage-setting equation,
which makes wages tend to exceed the market-clearing level. The wage-
setting equation can be derived from bargaining or efficiency wage models.3

Those theoretical models of wage-setting generate a strong core implication
that the tighter the labor market, the higher the real wage, given the workers’
reservation wage. The simplest formulation of the wage-setting is given by
the following equation which was proposed by Blanchard4

w

A
= γ

(
N

Ns

)ε

, (2.9)

where Ns is the population of labor, so that N/Ns is the employment rate.
The parameter γ reflects reservation wages, and ε represents the sensitivity
of the real wage rate to the tightness of the labor market.

Denote the ratio of labor population in efficiency unit ANs to capital in
efficiency unit BK by ns , i.e.

ns ≡ ANs

BK
. (2.10)

Then, equation (2.9) is rewritten, by using this and the definition of n in (2.3),
as

w

A
= γ

(
n

ns

)ε

. (2.11)

3 See [4, Chaps. 2 and 3].
4 See [2, p. 108].
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From (2.8) and (2.11), the equilibrium of the labor market is expressed by the
following equation: (

1
μ

)
f ′(n) = γ

(
n

ns

)ε

. (2.12)

At a given point in time, ns is constant since the population of labor in effi-
ciency unit ANs and capital stock in efficiency unit BK are given. Thus, this
equation determines the value of n. It must satisfy the inequality n ≤ ns in
order for this solution to be economically meaningful. In the following, we
assume that this condition is satisfied.5 Then labor employment is determined
by N = (B/A)nK .

As with the Solow model, labor population Ns is assumed to grow at a
constant rate λ, i.e.

Ṅs

Ns

= λ. (2.13)

The rate of labor-augmenting technological progress denoted by α and
the rate of capital-augmenting technological progress denoted by β are also
given constant, i.e.

Ȧ

A
= α,

Ḃ

B
= β. (2.14)

Taking the time derivative of (2.10) and considering (2.13) and (2.14), we
have

ṅs

ns

= (α − β + λ)− sBf (n). (2.15)

This equation and (2.12) constitute a complete system to determine the
paths of n and ns . Then, the path of the employment rate n/ns is also deter-
mined.

We include capital-augmenting technological progress as well as labor-
augmenting technological progress at the start of the discussion, in order to
consider the role of biased technological progress in our model. It will be
shown below that the steady growth equilibrium is not consistent with steady
capital-augmenting technical progress (i.e., with β > 0 or β < 0). However,
occasional changes in the level of capital efficiency B are consistent with
steady growth equilibrium. By including the capital efficiency coefficient
explicitly in our model, we can analyze the effects of biased technological
changes on unemployment and income distribution as will be shown below.

As is mentioned above, the employment-capital ratio n that is determined
by (2.12) is normally less than ns , meaning that there always exists some

5 We may replace the wage-setting function (2.11) by a more general function such
that w/A = g(n/ns), where g′ > 0 for 0 < n/ns < 0 and g(n/ns) → ∞ as
n/ns → 1. Then, any solution of n for equation (1/μ)f ′(n) = g(n/ns) satisfies the
condition 0 < n/ns < 1.
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unemployment in our model. However, when parameter ε tends to infinity
in equation (2.12), which means that the real wage rate becomes com-
pletely flexible, we must have n = ns . In other words, the continuous full-
employment is ensured when ε → ∞. In addition, let us set β = 0 and
B = 1 in equation (2.15), which means that technological progress is purely
labor-augmenting. Then, it becomes as

ṅ

n
= (α + λ)− sf (n). (2.16)

This equation is the same as the dynamic equation in the Solow model.
Moreover, if we put μ=1 (i.e., η→∞) in (2.8), the commodity market of
the model becomes perfectly competitive. Then, this model agrees with the
Solow model. Thus, the Solow model is interpreted as an extreme case of our
model.

3. The steady growth equilibrium and its stability

Turning back to the complete system of the medium-run growth model con-
sisting of (2.12) and (2.15), let us focus on the case where this system has the
steady growth equilibrium. If we denote the steady state values of (n, ns) by
(n∗, n∗s ), they must satisfy the following equations:

1
μ

f ′(n∗) = γ

(
n∗

n∗s

)ε

, (3.1a)

f (n∗) = α − β + λ

sB
. (3.1b)

Thus, the steady state equilibrium requires that the right-hand side expression
of equation (3.1b) to be constant. This condition implies β = Ḃ/B = 0, so
that there is no capital-augmenting technological progress. In other words,
technological progress must be purely labor-augmenting for the steady
growth equilibrium to exist. It should be noted, however, that the steady
growth is consistent with once for all change in the efficiency coefficient of
capital, B. A change in B brings about a shift in the steady growth equilib-
rium. In order to examine this effect, we will make parameter B explicit in
the following model.

Thus, the complete system that is consistent with the steady growth equi-
librium is represented by the following equation system:

1
μ

f ′(n) = γ

(
n

ns

)ε

, (3.2a)
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ṅs

ns

= (α + λ)− sBf (n). (3.2b)

The steady growth equilibrium of this system is attained at (n∗, n∗s ) such
that

1
μ

f ′(n∗) = γ

(
n∗

n∗s

)ε

, (3.3a)

f (n∗) = α + λ

sB
. (3.3b)

This steady growth equilibrium is stable if the dynamic equation (3.2b)
decreases with ns , i.e.

d(ṅs/ns)

dns

= −sBf ′(n)
dn

dns

< 0. (3.4)

Here, in view of (3.2a),

dn

dns

= γ ε(n/ns)
ε

γ ε(n/ns)ε−1 − nf ′′(n)
> 0. (3.5)

Therefore, the system converges to the steady state starting from any ini-
tial conditions.

In contrast to the Solow model in which the labor force is always fully
employed, the steady state in our model includes a constant rate of unem-
ployment. It is caused by the imperfect adjustment of the labor market due to
inflexibility of real wages. This means that the time horizon over which the
steady state is attained in our model is not so long as that in the Solow model
in which wages and prices are assumed to be flexible to clear all markets. In
this sense our model may be interpreted as dealing with the medium-run in
which prices and wages are not as sticky as in the short-run but not as flexible
as in the long-run. In the following, this medium-run growth model is used to
analyze the relationship among the rate of growth, the rate of unemployment
and income distribution.

4. Growth and the employment rate in the medium-run

In this section, we discuss the relationship between growth and unemploy-
ment in the medium-run. In view of (2.2), (2.5), and (3.3b), the growth rate
of output Y and that of capital K in the steady state are the same and given
as follows: (

	Y

Y

)∗
=

(
	K

K

)∗
= α + λ. (4.1)
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Thus, the steady growth rate in our model is determined as the sum of the rate
of technological progress α and the rate of population growth λ, so that it is
independent of the saving rate s. Thus, the determinants of the steady growth
rate in our model are the same as that in the Solow model.

Let us next examine how the employment rate is determined in our model.
Denoting the employment rate (i.e., 1 minus the unemployment rate) by z,
we have

z ≡ n

ns

. (4.2)

Taking its derivative with respect to time, we have

ż

z
= ṅ

n
− ṅs

ns

. (4.3)

By using this relationship, the complete system consisting of (3.2a) and
(3.2b) is reduced to a system of a single variable z.

First, equation (3.1a) is rewritten as follows:

1
μ

f ′(n) = γ zε. (4.4)

Taking logarithm of this equation and differentiate it with respect to time,
we have

ṅ

n
= − εσ

1− θ

ż

z
. (4.5)

Here θ is the elasticity of output with respect to labor employment and σ

is the elasticity of substitution between labor and capital, which are defined
as follows:

θ ≡ nf ′(n)

f (n)
, σ ≡ −f ′(n)[f (n)− nf ′(n)]

nf ′′(n)f (n)
. (4.6)

When the production function f (n) has well-behaved properties, the values
of these parameters must be 0 < θ < 1 and σ>0. Substituting (4.5) and (3.2b)
into (4.3), we get the following equation:

ż

z
= 1− θ

1− θ + εσ
[sBf (n)− (α + λ)]. (4.7)

The right-hand side of this equation still includes n. If it is expressed
as a function of z, we get a complete dynamic system in terms of a single
variable z.
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For this purpose, we solve equation (4.4) with respect to n, and get

n = f ′−1(μγ zε). (4.8)

Since f ′(n) is a monotonic decreasing function, n is monotonically decreas-
ing with respect to z. Therefore, f (n) can be transformed into a function of
z as follows:

f (n) = f (f ′−1(μγ zε)) = φ(z). (4.9)

Since f (n) is a monotonic increasing and f ′(n) is a monotonic decreasing
function, φ(z) becomes a monotonic decreasing function. Substituting (4.9)
into (4.7), we obtain a dynamic equation of z as follows:

ż

z
= 1− θ

1− θ + εσ
[sBφ(z)− (α + λ)]. (4.10)

The steady growth equilibrium of this dynamic equation is attained at z∗
which satisfy

φ(z∗) = α + λ

sB
. (4.11)

Figure 1 describes the dynamics of z in the diagram, taking ż/z in the ver-
tical axis and z in the horizontal axis. Equation (4.10) is represented by the
downward sloping curve which intersects the horizontal axis at z∗, the steady
state value of the employment rate. If the employment rate is initially at z0
that is less than z∗, the actual z tends to increase, because ż/z < 0 at z = z0.
The opposite holds if the employment rate is initially at z1 that is less than
z∗. Thus, the steady growth equilibrium is stable, so that the system tends to
the steady state from any initial conditions.

As is obvious from equation (4.11), the steady state employment rate z∗
depends on the steady growth rate α + λ, the savings rate s and the capital
efficiency B. Since φ(z) is a decreasing function, z∗ depends negatively on
α + λ, and positively both on s and on B. More strictly, shifts in the steady
state employment rate in response to these parameters are represented by the
following equation that is obtained by taking the difference of both sides of
equation (4.11)

	z∗ = φ

φ′

[
	(α + λ)

α + λ
− 	B

B
− 	s

s

]
. (4.12)

Here, φ/φ′ < 0. It follows from this equation that

	z∗ ≤ 0 or ≥ 0, according as whether
	(α + λ)

α + λ
− 	B

B
− 	s

s
≥ 0 or ≤ 0.

(4.13)
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Fig. 1 Dynamics of the medium-run growth model

This result implies that the steady state employment rate (z∗) is decreased
when any one of the following changes in the parameters occurs: (1) an in-
crease in the rate of steady growth (α + λ), (2) a decrease in the capital
efficiency (B), (3) a decrease in the rate of savings (s). The transitional pro-
cess to the new steady state is depicted by Fig. 2. When any one of these
changes occurs, the downward sloping curve which represent equation (4.10)
shifts downward (or to the left). Then, the rate of changes in the employment
rate ż/z at z = z∗ becomes negative, so that the employment rate z begins to
decrease. The decreases in z continue until it reaches the new steady state z∗∗.

The above result that the steady state employment rate is negatively re-
lated to the steady state growth rate may seem contrary to what is normally
expected. This result may be interpreted in the following way. The steady
growth rate, α + λ, represents the rate of population growth in efficiency
unit. When α+ λ increases, the steady state employment-capital ratio in effi-
ciency unit, n∗, increases in view of equation (3.3b). But when n∗ increases,
the marginal product of labor in efficiency unit, f ′(n∗), decreases, and so
does the real wage rate for the efficiency unit of labor. Then, the steady state
employment rate, z∗ = n∗/n∗s , decreases as is obvious from (3.3a).
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Fig. 2 Effects of changes in parameters

5. The labor share and capital coefficient
in the medium-run

Let us next examine the relationship between growth and income distribu-
tion. By using (2.2), (2.3), and (2.8), the labor share wN/Y in our model is
expressed as a function of n as follows:

wN

Y
= 1

μ

nf ′(n)

f (n)
. (5.1)

Then, the rate of change of the labor share is given by

	(wN/Y)

wN/Y
= (1− θ)

σ − 1
σ

	n

n
. (5.2)
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Here, θ and σ are as defined by (4.6). We are examining here how the la-
bor share in the steady state equilibrium shifts in response to changes in the
parameters on which the steady state equilibrium depends. Notice that the
steady state values of n is determined by (3.2b). Calculating 	n/n from this
equation and substituting it into (5.2), we can rewrite (5.2) as follows:

	(wN/Y)

wN/Y
= (1− θ)

σ − 1
σ

[
	(α + λ)

α + λ
+ 	B

B
− 	s

s

]
. (5.3)

As this equation shows, shifts in the labor share are caused by changes in
technological progress, the growth rate of labor population and the savings
rate. Notice that the expression in the bracket on the right-hand side of this
equation is the same as that on the right-hand side of (4.12). Therefore,
changes in those parameters influence on the labor share and the employment
rate in the same direction if σ < 1, and in the opposite direction if σ > 1.

Finally, let us see the relationship between the capital coefficient and
growth. The output-capital ratio in the steady growth equilibrium is derived
from (2.2) and (3.2b) as follows:

(
Y

K

)∗
= α + λ

s
. (5.4)

Thus, the capital coefficient, which is the reciprocal of this output-capital
ratio, depends negatively on the steady growth rate α+λ and positively on the
savings rate s. In other words, the capital coefficient increases as the steady
growth rate decreases or as the saving rate increases.

6. Evolutions of main macroeconomic variables in Japan

In this section, we apply the medium-run growth model developed above
to the post-war Japanese economy, and examine whether it can consistently
explain the evolutions of the main macroeconomic variables such as the rate
of GDP growth, the rate of unemployment, the share of labor in national
income and the capital coefficient. As we will see below, the tendencies of
these variables in the post-war Japanese economy have distinctive features:
as the rate of GDP growth tended to decline in the last 50 years, the rate of
unemployment, the labor share and the capital coefficient all tended to rise.
Why did this happen? As is shown below, our medium-run growth model can
explain those tendencies of the main macro variables under certain conditions
on the parameters of the model.

Let us first look at the evolutions of main macroeconomic variables in
Japan in the last 50 years: from 1956 to 2005. We choose 1956 as the starting
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Fig. 3 Changes in the real GDP growth rate
Source: Long-term economic statistics in Economic and Fiscal Policy White Paper

point, because the Japanese economy recovered to the pre-war level in that
year from the damage by the Second World War. As the terminal year, we
choose 2005 due to the availability of the data. Figure 3 presents changes
in the real GDP growth rate in the last 50 years. The real GDP growth rate
shows a clear tendency to decline over time, though it also shows short-run
changes with business cycles. From the point of view of the potential growth,
the Japanese economy in the last 50 years can be divided broadly into three
periods: the high growth period from 1956 to 1973, the stable growth period
from 1974 to 1990 and the low growth period form 1991 to 2005. During the
high growth period, the growth rate of real GDP was over or near 10% in
most of the years and it was not less than 4% even in depressions. The high
growth period came to an end in 1973 with the oil crisis. Though the growth
rate declined abruptly after the oil crisis, it was about 4–5% in most of the
years between 1974 and 1990. Compared with other countries during this
period, GDP growth in Japan was rather high. This period, therefore, may be
characterized as the stable growth period. The stable growth period ended in
1990 with the breakdown of the bubble boom that started in the middle of
1980s. After that, the Japanese economy fell into the long-run stagnation that
lasted until quite recently. The growth rate during this period was between
1% and 2% in most of the years, and even minus in some years. The Japanese
economy has begun to recover since 2002, but the growth rate is still around
2%. Thus, the growth rate of the Japanese economy has been declining over
the last 50 years.
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Source: Calculated based on National Accounting Annual Report and Private Com-
pany’s Capital Stack Annual Report
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Fig. 5 Changes in the unemployment rate
Source: Long-term economic statistics in Economic and Fiscal Policy White Paper

Correspondingly, Figs. 4–6 show changes in the capital coefficient, the
unemployment rate and the labor share over the same period. As Fig. 4 shows,
the capital coefficient has risen consistently over time, starting from 0.6 in
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Fig. 6 Changes in the labor share
Source: Calculated based on data from long-term statistics in Economic and Fiscal
Policy White Paper

1956 to 2.3 in 2005.6 The rate of unemployment, as Fig. 5 shows, was in
the 1–2% range through most of the high growth period. But it increased
to the 2–3% range in the middle of 1970s, and then exceeded 3% in the
middle of 1990s, reaching the peak at 5.6% in 2002. It has been decreasing
recently as the Japanese economy has recovered from the stagnation since
2002, but it is still around the 4% level. Thus, the rate of unemployment has
increased as a trend in the last 50 years, though it had some anti-cyclical
fluctuations. Finally, Fig. 6 shows changes in the labor share. It was in the
50–60% range during the high growth period, and increased to the 60–70%
range during the stable growth period, and then to 70–80% range in the low
growth period. Thus, the labor share has increased as a trend, fluctuating pro-
cyclically within each period.

The Table 1 summarizes the above result by calculating the average val-
ues of those variables within each of the three periods. It clearly shows the
characteristic of changes in those variables in the Japanese economy in the
last 50 years: as the growth rate of real GDP decreased as a trend in the last
50 years, the capital coefficient, the unemployment rate and the labor share
tended to rise together. In the following, we will attempt to explain these ten-
dencies by using our medium-run growth model. The time span of each of the
three periods lies between 14 and 17 years. The medium-run growth model

6 I owe to Taiji Hagiwara, Kobe University, for data and calculation of the capital
coefficients.
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Table 1 Macroeconomic data for the three periods

1956–1973 1974–1990 1991–2005
High growth Stable growth Low growth

period period period

GDP growth rate (%) 9.3 3.7 1.3
Capital coefficient 0.69 1.28 2.05
Unemployment rate (%) 1.5 2.3 3.9
Labor share (%) 54.0 66.9 71.8
Savings rate (%) 18.5 16.2 10.9

developed above may suitably be applied to analyze economic changes with
such time span. To be more concrete, the average values of the main macro
variables may be interpreted as the steady state values of our model, while
changes of those values from one period to another may be interpreted as a
shift of the steady state.7

7. Explaining the trends of the post-war Japanese economy
by our model

We shall now make an attempt to explain the trends of macroeconomic vari-
ables shown above based on our medium-run growth model. Let us start from
the declining trend of the GDP growth rates shown by Fig. 3 or Table 1. As
is mentioned above, the average value of the growth rates within each of the
three periods given in Table 1 may be interpreted, due to our model, as the
steady growth rate, α+λ, prevailed in each period, since the number of years
in each period seems to be appropriate length for attaining the medium-run
equilibrium. If this is the case, the decreases in the average growth rates from
one period to another mean that the steady growth rate, α + λ, decreased
over time. In Japan, as a matter of fact, the rate of technological progress, α,
tended to decrease since the end of the high growth period, and the growth
rate of labor population tended to decrease from around beginning of the low
growth period.

Let us next see the capital coefficient. As is seen from Fig. 4 or Table 1,
the capital coefficient in Japan in the last 50 years has a steadily rising trend.
Since the steady state value of the capital coefficient is determined by (5.4)
in our model, its rising trend is attributed either to decreases in α + λ or

7 Table 1 also includes changes in the savings rate, which will be referred to in the
next section.
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to increases in s. As we have just seen, the potential growth rate, α + λ,
had a declining trend over last 50 years due to slowdown in technological
progress and/or decreases in population growth, while the savings rate tended
to decrease since around beginning of the 1980s. Thus, a rising tendency in
capital coefficient in Japan may be interpreted to be caused by the declining
trend in the potential growth rate α + λ. On the other hand, the savings rate
cannot give an appropriate account of this tendency.

We now turn to the rate of unemployment. The rate of unemployment
in the last 50 years in Japan had a tendency to increase as Fig. 5 shows,
while the rate of GDP growth tended to decrease in the same period as was
seen before. So let us see what conditions are necessary to account for these
two tendencies simultaneously based on our model. Equation (4.12) shows
how the employment rate is affected by changes in parameters that are in-
cluded in our model. Let us first focus on the term concerning technological
progress. Since φ/φ′ < 0 in equation (4.12), the employment rate is de-
creased (	z∗ < 0), i.e., the unemployment rate is increased, if the following
condition is satisfied:

	(α + n)

α + n
>

	B

B
+ 	s

s
. (7.1)

Since the potential rate of growth tended to decline over the last 50 years, the
left-hand side expression of the above inequality must be negative. Therefore,
in order for this inequality to be satisfied, we must have

	B

B
+ 	s

s
< 0. (7.2)

This condition implies that we must have either 	B < 0 or 	s < 0, or both
of them.

The first condition (	B < 0) means that the efficiency of capital must
have decreased. In other words, technological progress must have a capital-
using bias in order for the rate of unemployment to have a rising trend when
the potential rate of growth is falling. Here, we are not prepared to present
data for the efficiency of capital to verify that this condition is satisfied in
the post-war Japanese economy. However, we can give some historical facts
to support such a bias in technological progress. During the high growth pe-
riod, Japanese economy suffered from serious environmental pollution as a
by-product of rapid industrialization. To solve the pollution problems, the
proportion of investment directed toward pollution control equipment or liv-
ing related infrastructure was increased remarkably toward the end of the
high growth period and thereafter. The efficiency of capital tended to de-
crease since then, because these capital equipments do not serve directly to
increase output. Decreases in the efficiency of capital may also be explained
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Fig. 7 Changes in the national savings rate
Source: Calculated based on long-term data from National Accounting Report (for
1956–1998) and data from Economic Accounting (for 1996–2005) in official home-
page of Economic and Social Institute, Cabinet Office. The former data based on old
SNA are recalculated so as to linked to the latter data that is based on 93 SNA

by decreases in the utilization of capital due to the long-run depression of
the Japanese economy since the beginning of 1990s. This factor might have
played more important role during the low growth period. From these rea-
sons, it may safely be assumed that the first condition (	B < 0) is satisfied
in the post-war Japanese economy.

The second condition (	s < 0) implies that the savings rate must have
decreased. As is shown in Fig. 7, the savings rate tended to increase up to the
end of the high growth period, and tended to decrease thereafter.8 Especially,
it has decreased remarkably since the beginning of 1990s. The last row of
Table 1 shows the average savings rate in each of the three periods. It clearly
shows that the savings rate tended to fall from one period to the next. Thus,
the second condition is also satisfied. In Japan, the savings rate remained to
be quite high compared with other countries throughout high growth period
and the stable growth period. Since the beginning of the 1990s, however,
Japan has experienced a marked decline in the savings rate. In view of our
model, this decline in the savings rate explains consistently the increases in
the unemployment rate during the low growth period.

8 I owe to Ichiro Tokutsu, Kobe University, for data and calculation of the national
savings rate.
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To sum up, the condition (7.2) might plausibly be satisfied. It should be
noticed, however, that the absolute value of 	B/B + 	s/s must be large
enough to satisfy (7.1) in order for our model to be consistent with the trends
of the rate of unemployment and the potential rate of growth in the post-war
Japanese economy. We will not check further into this matter quantitatively,
since our concern here is to derive theoretical results.

Let us now turn to the labor share. Figure 6 plots the evolution of the labor
share in Japan over last 50 years. This figure shows that the share tends to rise
in the long-run, and fluctuates anti-cyclically in the short-run. We focus on
the long-run tendency to see how it is explained with our model. According
to our model, equation (5.3) shows how the labor share changes in response
to changes in parameters. Compare this equation with equation (4.12) that
represents changes in the employment rate. Then, we find that the expressions
in the bracket of the two equations are the same. As we have just seen, (7.1)
must be satisfied, since the unemployment rate had a rising trend in the last
50 years. In this case, in order for 	(wN/Y) to be positive in (5.3), we must
have

σ > 1. (7.3)

In other words, the elasticity of substitution between labor and capital must be
greater than unity. Is this condition plausible in real economy? Many econo-
metric studies on production functions rather support the view that the value
of σ is normally less than unity. This view may seem to contradict with the
above condition (7.3) that is needed to support the validity of our model.
I think, however, the magnitude of σ will depend on the time horizon that is
taken into account in the model. The longer the time horizon, the larger will
be the magnitude of σ , because the substitution between labor and capital
for a given change in the wage-rental ratio takes time. Therefore, it might be
quite plausible that σ exceeds unity when the time horizon is assumed to be
more than 10 years as in our medium-run model.9

To summarize the results, the evolutions of macroeconomic variables
shown in Table 1 are explained consistently by our model if the following
conditions are satisfied:

	B

B
+ 	s

s
<

	(α + λ)

α + λ
< 0, and σ > 1.

We also argued that these conditions might plausibly be satisfied. In order to
prove this argument more exactly, we need some empirical studies.

9 The referee pointed out that I had better present any reliable data to justify that
σ > 1 in the long-run. Here, I just propose it as a theoretical hypothesis, leaving it to
an econometrician for its test.
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8. Conclusions

In this paper, I constructed a medium-run growth model that extended the
Solow model by introducing the wage-setting equation of the Blanchard type.
A special feature of this model is that it can explain unemployment in the
growth process. Interpreting the steady state of this model as the medium-
run equilibrium, we analyzed how the main macroeconomic variables such
as the rate of growth, the rate of unemployment, the labor share and the cap-
ital coefficient change with changes in the parameters of the model. In order
to test the plausibility of the model, we attempted to explain evolutions of
the major macroeconomic variables during the last 50 years in Japan. The
data show that the rate of unemployment, the capital coefficient and the labor
share tend to rise as the rate of growth tends to decline over last 50 years. It
has been shown that these macroeconomic tendencies can be explained con-
sistently by the following factors: (1) a decreasing tendency in the rate of
labor-augmenting technological progress, (2) decreases in the efficiency of
capital, (3) a decreasing tendency in the savings rate, and (4) the elasticity of
substitution between labor and capital being greater than unity.

In this paper, we have focused only on macroeconomic parameters
(α, λ, B, s) to explain changes in the main macroeconomic variables. How-
ever, as is seen from (4.9), function φ that appear in equation (4.10) or (4.11)
depends on μ, γ and ε. Thus, these microeconomic parameters will have
influences on the rate of employment or the labor share. The next step is to
analyze the effects of these parameters.
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Abstract. We present new convergence results and new versions of Fatou lemma in
Mathematical Economics based on various tightness conditions and the existence of
scalarly integrable selections theorems for the (sequential)-weak-star upper limit of
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1. Introduction

Motivated by the study of Fatou lemma in Mathematical Economics, we
present several types of convergence for multifunctions taking on convex
weakly-star compact values in the topological dual E′ of a separable Ba-
nach space E with specific applications to Fatou lemma in several dimen-
sions. There has been a great deal of research on Fatou lemma when the
multifunctions take values in the primal space E. See, e.g., [1, 3, 4, 6–9,
14, 18, 19, 22, 23, 25, 28] for references. For the case of a dual space, we
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mention the recent contributions of Benabdellah and Castaing [6], Cornet
and Martins da Rocha [18], Balder and Sambucini [5], Castaing Raynaud
de Fitte and Valadier [13], Castaing, Hess and Saadoune [12], Castaing and
Saadoune [15,16]. In the present paper we provide, under new tightness con-
ditions, several new convergence results for multifunctions with values in
E′ with sharp localizations of the limits and several new variants of Fatou
lemma in the dual space E′ via the integrability of the sequential-weak-star
upper limit of a sequence of measurable multifunctions taking values in this
space [12]. We also provide the existence of Conditional Expectations (CE)
for weakly-star closed random sets in E′. See, e.g., [10, 11, 20, 21] for the
problems of convergence of CE in Banach spaces. Since L1-boundedness
assumption is relaxed here, we obtain several significant generalizations in
this study.

2. Notations and preliminaries

Throughout this paper the triple (
,F, μ) is a complete probability space,
E is a separable Banach space and D := (xp)p∈N is a fixed dense sequence
in the closed unit ball BE . We denote by E′s (resp. E′b) (resp. E′m∗) the topo-
logical dual E′ endowed with the topology σ(E′, E) of pointwise conver-
gence, alias w∗ topology (resp. topology of the norm) (resp. the topology
m∗ = σ(E′,H), where H is the linear space of E generated by D, that is the
Hausdorff locally convex topology defined by the sequence of semi-norms

pk(x
′) = max{| < x′, xp > | : p ≤ k}, x′ ∈ E′, (k ≥ 1)).

Recall that the topology m∗ is metrizable, for instance, by the metric

dE′
m∗ (x

′
1, x

′
2) :=

p=+∞∑
p=1

1
2p
|〈xp, x′1〉 − 〈xp, x′2〉|, x′1, x′2 ∈ E′.

We assume from now that dE′
m∗ is held fixed. Further, we have m∗ ⊆w∗ ⊆ s∗.

When E is infinite dimensional these inclusions are strict. On the other hand,
the restrictions of m∗ and w∗ to any bounded subset of E′ coincide and
B(E′s) = B(E′m∗) [12, Proposition 5.1], but the consideration of B(E′b) is
irrelevant here. Noting that E′ is the countable union of closed balls, we de-
duce that the space E′w∗ is Suslin, as well as the metrizable topological space
E′m∗ . A 2E′s valued multifunction X : 
 ⇒ E′s is measurable if its graph
belongs to F ⊗B(E′s). Given a measurable multifunction X : 
 ⇒ E′s and a
Borel set G ∈ B(E′s), the set

X−G = {ω ∈ 
 : X(ω) ∩G �= ∅}
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is measurable, that is X−G ∈ F . In view of the completeness hypothesis on
the probability space, this is a consequence of the Projection Theorem (see,
e.g., Theorem III.23 of [17]) and of the equality

X−G = proj
 {Gr(X) ∩ (
×G)}.
In particular, if X is measurable, the domain of X, defined by

dom X = {ω ∈ 
 : X(ω) �= ∅}
is measurable, because dom X = X−E. Further if u : 
 → E′s is a scalarly
measurable mapping, that is, for every x ∈ E, the scalar function ω �→
〈x, u(ω)〉 is F-measurable, then the function f : (ω, x′) �→ ||x′ − u(ω)||E′b
is F ⊗B(E′s)-measurable, and for every fixed ω ∈ 
, f (ω, .) is lower semi-
continuous on E′s , shortly, f is a normal integrand, indeed, we have

||x′ − u(ω)||E′b = sup
p∈N

〈xp, x′ − u(ω)〉.

As each function (ω, x′) �→ 〈xp, x′ − u(ω)〉 is F ⊗ B(E′s)-measurable and
continuous on E′s for each ω ∈ 
, it follows that f is a normal integrand.
Consequently, the graph of u belongs to F ⊗ B(E′s). Besides these facts, let
us mention that the function distance dE′b (x

′, y′) = ||x′ − y′||E′b is lower
semicontinuous on E′s ×E′s , being the supremum of continuous functions. If
X is a measurable multifunction, the distance function ω �→ dE′b (x

′, X(ω))

is measurable, by using the lower semicontinuity of the function dE′b (x
′, .)

on E′s and measurable projection theorem [17, Theorem III.23], and re-
calling that E′s is a Suslin space. A mapping u : 
 ⇒ E′s is said to be
scalarly integrable, alias Gelfand integrable, if, for every x ∈ E, the scalar
function ω �→ 〈x, u(ω)〉 is integrable. We denoted by G1

E′ [E](
,F, μ)

(G1
E′ [E](μ) for short) the space of all scalarly integrable (classes of) map-

pings u : 
 ⇒ E′s . The subspace of G1
E′ [E](μ) of all mappings u such that

the function |u| : ω �→ ||u(ω)||E′b is integrable is denoted by L1
E′ [E](μ). The

measurability of |u| follows easily from the above considerations and holds
even E is an arbitrary Banach space, we refer to [6] for details. For any 2E′s
valued multifunction X : 
 ⇒ E′s , we denote by G-S1

X (resp. S1
X) the set of

all G1
E′ [E](μ)-selections (resp. L1

E′ [E](μ)-selections) of X. The G-integral
(resp. integral) of X over a set A ∈ F is defined by

G-
∫

A

X dμ :=
{∫

A

f dμ : f ∈ G-S1
X

}
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and ∫
A

X dμ :=
{∫

A

f dμ : f ∈ S1
X

}

respectively. Let (Xn) be a sequence of measurable multifunctions taking
values in E′s . The sequential weak∗ upper limit w∗-ls Xn of (Xn) is defined by

w∗-ls Xn =
{
x′ ∈ E′ : x′ = σ(E′, E)- lim

j→∞ x′nj
; x′nj

∈ Xnj

}
.

By cwk(E′s) we denote the set of all nonempty σ(E′, E)-compact convex
subsets of E′s . A multifunction X : 
 ⇒ E′s is scalarly measurable if, for
every x ∈ E, the function ω → δ∗(x,X(ω)) is measurable. Let us recall that
any scalarly measurable cwk(E′s)-valued multifunction, X, is measurable. In-
deed, let (ek)k∈N be a sequence in E which separates the points of E′, then we
have x ∈ X(ω) iff, 〈ek, x〉 ≤ δ∗(ek,X(ω)) for all k ∈ N. Further, we denote
by G1

cwk(E′s )
(
,F, μ) (shortly G1

cwk(E′s )
(μ)) the space of all scalarly inte-

grable cwk(E′s)-valued multifunctions X : 
 → cwk(E′s), that is, for every
x ∈ E, the function ω → δ∗(x,X(ω)) is integrable. By L1

cwk(E′s )
(
,F, μ)

(shortly L1
cwk(E′s )

(μ)) we denote the subspace of G1
cwk(E′s )

(μ) of all integrably
bounded multifunctions X that is the function |X| : ω → |X(ω)| is in-
tegrable, here |X(ω)| := supy∈X(ω) ||y||E′b , by the above consideration, it
is easy to see that |X| is measurable. A sequence (Xn) in L1

cwk(E′s )
(μ) is

bounded (resp. uniformly integrable) if (|Xn|) is bounded (resp. uniformly
integrable) in L1

R
(
,F, μ). In the sequel, we apply the usual convention

|∅| = 0 and 1∅ = 0. Our main purpose is to introduce some new types
of tightness condition so-called Mazur tightness condition for sequences in
the spaces L1

cwk(E′s )
(μ) and G1

cwk(E′s )
(μ). These considerations led to several

new results of convergence in this space with application to Fatou lemma.
In §3 we show the relationships between these tightness conditions. In §4
we present our main result of convergence for a Mazur-tight sequence in the
space L1

E′ [E](μ) of scalarly integrable and mean norm bounded E′-valued
mappings. In §5, some new convergence results are developed for the space
G1

E′ [E](μ) of scalarly integrable E′-valued mappings. These results allow to
obtain new types of convergence for the spaces L1

cwk(E′s )
(μ) and G1

cwk(E′s )
(μ)

that we present in §6. We also provide here several variants of Fatou Lemma.
The existence of Conditional Expectations of σ(E′, E) closed random sets
in the dual is also stated in §7. Here the L1-bounded condition is no longer
required by contrast of most results given in the literature.
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3. Mazur tightness condition

In this section new tightness properties of Mazur type are introduced and
examined for sequences in the space L0

cwk(E′s )
(μ) of all measurable cwk(E′s)-

valued multifunctions. Actually, they find their origin in [12,15,16]. First, let
us recall the following tightness definition [15]:

Definition 3.1. A sequence (Xn) in L0
cwk(E′s )

(μ) is cwk(E′s)-tight (resp. com-
pactly cwk(E′s)-tight) if there is a scalarly measurable (resp. scalarly mea-
surable and integrably bounded) cwk(E′s)-valued multifunction �ε : 
⇒E

′

such that
inf
n

μ({ω ∈ 
 : Xn(ω) ⊂ �ε(ω)}) ≥ 1− ε.

The measurability of {ω ∈ 
 : Xn(ω) ⊂ �ε(ω)} is immediate using the
considerations developed in the beginning of this section.

Definition 3.2. A sequence (Xn) in L0
cwk(E′s )

(μ) is said to be L0- lim sup-

Mazur tight, (resp. L1- lim sup-Mazur tight) if, for every subsequence (Yi) of
(Xn), there exists a sequence (rn) in L1

R
(
,F, μ) with rn∈co{|Yi |(.) : i ≥ n}

such that lim supn rn < ∞ (resp. lim supn rn ∈ L1
R
(
,F, μ)).

Similarly, we introduce a weaker notion of the above Mazur tightness,
namely, L0- lim inf-Mazur tightness and L1- lim inf-Mazur tightness:

Definition 3.3. A sequence (Xn) in L0
cwk(E′s )

(μ) is said to be L0- lim inf-

Mazur tight, (resp. L1- lim inf-Mazur tight) if, for every subsequence (Yn)

of (Xn), there exists a sequence (rn) in L1
R
(
,F, μ) with rn ∈ co{|Yi |(.) :

i ≥ n} such that for every sequence (sn) in L1
R
(μ) such that sn ∈ co{ri : i ≥

n}, one has lim inf sn < ∞ (resp. lim infn sn ∈ L1
R
(
,F, μ)).

These new notions are denoted respectively: L�- lim sup-MT and
L�- lim inf-MT, � = 0, 1. A sequence (Xn) in L0

cwk(E′s )
(μ) is said to

be scalarly L�- lim sup-MT (resp. L�- lim inf-MT), � = 0, 1 if, for each
x ∈ E, the sequence (δ∗(x,Xn)) is L�- lim sup-MT (resp. L�- lim inf-MT).
From Proposition 2.1 in [15] we derive directly a useful characterization
of L�- lim sup-Mazur tightness condition which may be regarded as an
extension of the Biting lemma (see, e.g., [13, 24]), since every L1

cwk(E′s )
(μ)-

bounded sequence is obviously L1- lim sup-MT. This result will be used
extensively in all this work.
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Proposition 3.4. Let (Xn) be a sequence in L0
cwk(E′s )

(μ) and let � = 0, 1.
Then the following are equivalent:

(1) (Xn) is L�- lim sup-MT.
(2) Given any subsequence (Yn) of (Xn), there exist a subsequence (Zn)

of (Yn), ϕ∞ in L�
R
(
,F, μ) and an increasing sequence (Ck) in F with

limk→∞ μ(Ck) = 1 such that for every k ∈ N, 1Ck
ϕ∞ ∈ L1

R
(
,F, μ) and

∀A ∈ F, lim
n→∞

∫
A∩Ck

|Zn| dμ =
∫

A∩Ck

ϕ∞ dμ.

As a consequence of this proposition we deduce the following useful
property.

Proposition 3.5. Let (X1
n) and (X2

n) be two sequences in L0
cwk(E′s )

(μ). If (X1
n)

and (X2
n) are L�- lim sup-MT, (� = 0, 1), then the sequence (|X1

n| + |X2
n|) is

L�- lim sup-MT. Consequently, (X1
n +X2

n) is L�- lim sup-MT.

Proof. Let (ϕn) be any subsequence of (|X1
n| + |X2

n|). Each ϕn is of the
form ϕn := |Y 1

n | + |Y 2
n |, where (Y 1

n ) and (Y 2
n ) are two subsequences of

(X1
n) and (X2

n) respectively. Applying Proposition 3.4 successively to the
sequences (X1

n) and (X2
n) we can find a subsequence (ψn) of (ϕn) with

ψn := |Z1
n| + |Z2

n|, where (Z1
n) and (Z2

n) are two subsequences of (Y 1
n )

and (Y 2
n ) respectively, two functions ϕ1∞, ϕ2∞ in L�

R
(
,F, μ) and two in-

creasing sequences (C1
k ) and (C2

k ) in F with limk→∞ μ(C1
k ) = 1 and

limk→∞ μ(C2
k ) = 1 such that for every k ∈ N, the functions 1C1

k
ϕ1∞ and

1C2
k
ϕ2∞ are integrable and

lim
n→∞

∫
A∩C1

k

|Z1
n| dμ =

∫
A∩C1

k

ϕ1∞ dμ,

lim
n→∞

∫
A∩C2

k

|Z2
n| dμ =

∫
A∩C2

k

ϕ2∞ dμ,

for all A ∈ F . Then taking Ck := C1
k ∩ C2

k and ϕ∞ := ϕ1∞ + ϕ2∞ we get

lim
n→∞

∫
A∩Ck

ψn dμ =
∫

A∩Ck

ϕ1∞ dμ+
∫

A∩Ck

ϕ1∞ dμ =
∫

A∩Ck

ϕ∞ dμ,

for all A ∈ F . Since 1Ck
ϕ∞ ∈ L1

R
(
,F, μ), applying again Proposition 3.4

we deduce that (|X1
n| + |X2

n|) is L�- lim sup-MT. �

In the following proposition, the L1- lim inf-Mazur tightness and the
L0- lim sup-Mazur tightness conditions together are connected to the
L1- lim sup-Mazur tightness:
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Proposition 3.6. Let (Xn) be a sequence in L0
cwk(E′s )

(μ). Then the following
two statement (a) and (b) are equivalent:

(a) (Xn) is L1- lim sup-MT.
(b) (Xn) is L1- lim inf-MT and L0- lim sup-MT.

Proof. The implication (a) ⇒ (b) is trivial. To prove (b) ⇒ (a) let (Yn) be
any subsequence of (Xn) satisfying (b). Using the L0- lim sup-Mazur tight-
ness and Proposition 3.4, we find a measurable function ϕ∞ : 
 �→ R

+,
a subsequence of (Yn) still denoted (Yn) and a sequence (Ck) in F with
limk μ(Ck) = 1 such that, for every k ∈ N, 1Ck

ϕ∞ ∈ L1
R
(μ), and the follow-

ing holds:

∀A ∈ F, lim
n→∞

∫
A∩Ck

|Yn| dμ =
∫

A∩Ck

ϕ∞ dμ.

Let (rn) be a sequence of measurable functions as in the definition of the
L1 − lim inf-Mazur tightness. From the preceding equality it follows that

∀A ∈ F, lim
n→∞

∫
A∩Ck

rn dμ =
∫

A∩Ck

ϕ∞ dμ.

Invoking Mazur’s Theorem and appealing to a diagonal procedure (see,
e.g., Lemma 3.1 in [14]), one can construct a sequence (sn) with sn ∈
co{ri : i ≥ n} such that, for every k, (1Ck

sn) converges a.e. to 1Ck
ϕ∞.

Since μ(Ck)�→1, (sn) converges a.e. to ϕ∞, which, in view of condition (b),
shows that ϕ∞ ∈ L1

R
(μ). Returning to Proposition 3.4, we deduce that (Xn)

satisfies (a). �

According to the two following results,the notion of L0- lim inf-Mazur
tightness (resp. L1- lim inf-Mazur tightness) is in some sense stronger than
cwk(E′s)-tightness (resp. compactly cwk(E′s)-tightness). The first one is a
variant of Proposition 3.2 in [16] dealing with primal space E.

Proposition 3.7. Suppose that E is a separable Banach space and (Xn) is a
sequence in L0

cwk(E′s )
(μ) satisfying the condition L0- lim sup-MT. Then (Xn)

admits a cwk(E′s)-tight subsequence.

Proof. By Proposition 3.4, there exist a subsequence (Yn) of (Xn) and a
F-measurable partition (Ck) of 
 such that for every k ∈ N the sequence
(|Yn||Ck

) is bounded in the space L1
R
(Ck, Ck ∩ F, μ|Ck

). Hence (|Yn||Ck
) is

cwk(E′s)-tight with respect to the measure space (Ck, Ck ∩F, μ|Ck
), making

use of the Markov inequality. Therefore, for every ε > 0, there is a scalarly
measurable cwk(E′s)-valued multifunction �k,ε such that
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sup
n

μ(Ck \ {ω ∈ Ck : Yn|Ck
)(ω) ⊂ �k,ε(ω)}) ≤ εμ(Ck). (∗)

Now define the multifunction �ε on 
 by

�ε = 1C1 �1,ε +
∑
k≥2

1Ck
�k,ε

Then, since

{ω ∈ 
 : Yn(ω) ⊂ �ε(ω)} =
⋃
k

{ω ∈ Ck : Yn|Ck
(ω) ⊂ �k,ε(ω)},

(∗) entails

μ({ω ∈ 
 : Yn(ω)) ⊂ �ε(ω)} = μ(
⋃
k

{ω ∈ Ck : Yn|Ck
(ω) ⊂ �k,ε(ω)})

=
∑

k

μ({ω ∈ Ck : Yn|Ck
(ω) ⊂ �k,ε(ω)})

≥
∑

k

μ(Ck)(1− ε) = 1− ε.

Thus the sequence (Yn) is cwk(E′s)-tight. �

It is worthy to mention that the L1- lim sup-Mazur tightness condition
does not imply that (|Xn|) is bounded in L1

R
(
,F, μ). Indeed, it suffices

to consider the space L1
R
(
,F, μ) where 
 = [0, 1] endowed with the

Lebesgue measure and fn is given by fn(ω) := n21[0,1/n](ω), ω ∈ 
. Then,
(fn) is not bounded in L1

R
(
,F, μ) but satisfies (∗), because it converges

a.e. to 0. However, we have the following result

Proposition 3.8. Suppose that E is a separable Banach space and (Xn) is a
sequence in L0

cwk(E′s )
(μ) satisfying the condition L1- lim sup-MT. Then (Xn)

admits a cwk(E′s)-compactly tight subsequence.

Proof. Applying Proposition 3.4, to the sequence (|Xn(.)|) provides a sub-
sequence (Yn) of (Xn) a function ϕ ∈ L1

R+(μ) and an increasing sequence
(Ck) in F with limk μ(Ck) = 1 such that for every k ∈ N,

lim
n→∞

∫
Ck

|Yn|dμ =
∫

Ck

ϕdμ,

for all A ∈ F . Let ε > 0 and choose pε ≥ 1 such that 1
pε

∫



ϕdμ ≤ ε.
Applying the Lemma 3.9 below we get
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lim sup
n

μ({ω ∈ 
 : |Yn|(ω) > pε}) ≤ 1
pε

∫



ϕdμ ≤ ε.

Hence, there exists Nε ∈ N, such that

sup
n>Nε

μ({ω ∈ 
 : |Yn|(ω) > pε}) ≤ ε.

Since the functions |Y1|, . . . , |YNε | are integrable, one can find ρε > pε such
that

sup
n≤Nε

μ({ω ∈ 
 : |Yn|(ω) > ρε}) ≤ ε.

Whence we get

sup
n∈N

μ({ω ∈ 
 : |Yn|(ω) > ρε}) ≤ ε.

This shows that (Yn) is compactly cwk(E′s)-tight, indeed, it suffices to take
�ε := BE′b (0, ρε). �

Lemma 3.9. Let (ϕn) be sequence in L1
R+ which biting converges to an inte-

grable function ϕ. Then

∀p ≥ 1, lim sup
n

μ({ω ∈ 
 : ϕn(ω) > p}) ≤ 1
p

∫



ϕdμ.

Proof. There exists an increasing sequence (Ck) in F with limk μ(Ck) = 1
such that for every k ∈ N,

lim
n→∞

∫
Ck∩A

ϕndμ =
∫

Ck∩A

ϕdμ,

for all A ∈ F . Using the Markov inequality we get

lim sup
n

μ({ω ∈ Ck : ϕn(ω) > p}) ≤ 1
p

lim
n

∫
Ck

ϕndμ = 1
p

∫
Ck

ϕdμ

whence

lim sup
n

μ({ω ∈ 
 : ϕn(ω) > p}) ≤ 1
p

∫
Ck

ϕdμ

+ lim sup
n

μ({ω ∈ 
 \ Ck : ϕn(ω) > p})

≤ 1
p

∫
Ck

ϕdμ+ μ(
 \ Ck).

Letting k →∞ we get

lim sup
n

μ({ω ∈ 
 : ϕn(ω) > p}) ≤ 1
p

∫



ϕdμ.

�
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We are ready to present general convergence results in L1
cwk(E′s )

(μ) with
localization of the limit which can be applied to various places in the study of
Fatou lemma in Mathematical Economics. A key ingredient in our proofs re-
lies to integrability of the weak∗ sequential limit of a sequence of measurable
multifunctions taking values in E′ [12] and the Mazur-tightness conditions
introduced above. Further these results constitute a sharp continuation of a
similar study initiated in [14] dealing convergences and Fatou lemma in the
space L1

cwk(E)(μ) of scalarly integrable and integrably bounded multifunc-
tions with convex weakly compact values in the primal space E. For this pur-
pose, we introduce the following convergences in G1

cwk(E′s )
(μ). A sequence

(Xn) in G1
cwk(E′s )

(μ) weakly Komlós converges to X∞, if

∀x ∈ E,
1
n

n∑
i=1

δ∗(x, Yi(ω)) → δ∗(x,X∞(ω)), a.e. ω ∈ 
,

(Xn) dE′
m∗ -Wijsman Komlós converges to X∞, if

∀x′ ∈ E′, lim
n

dE′
m∗ (x

′, 1
n

n∑
i=1

Yi) = dE′
m∗ (x

′, X∞) a.e.

for every subsequence (Yn) of (Xn), here the negligible set depends only on
the subsequence under consideration. (Xn) weakly biting converges to X∞,
if there exist a sequence (Ck) in F with limk μ(Ck) = 1 such that

∀k ≥ 1, ∀v ∈ L∞E (
,F, μ), lim
n→∞

∫
Ck

δ∗(v,Xn)dμ=
∫

Ck

δ∗(v,X∞)dμ.

This study will be achieved from its single-valued specialization, namely we
will deal first with the spaces L1

E′ [E](μ) and G1
E′ [E](μ).

4. Convergences in L1
E′ [E](μ)

The main result in this section is concerned with the following with applica-
tion to Fatou lemma.

Theorem 4.1. Let E is a separable Banach space. Let (fn) be a sequence
in L1

E′ [E](μ) satisfying the L1- lim sup-MT condition. Then there exist a
function f∞ ∈ L1

E′ [E](μ), a subsequence (gn) of (fn) and an increasing
sequence (Ck) in F with limk μ(Ck) = 1 such that the following holds:

(1) (1Ck
‖gn‖E′b ) is uniformly integrable in L1

R
(μ) for each k.
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(2) (gn) weakly biting converges to f∞.
(3) (gn) weakly Komlós converges to f∞.
(4) f∞(ω) ∈ w∗-cl co [w∗- ls gn(ω)] a.e.
(5) If μ is nonatomic then

∀A ∈ F,

∫
A

f∞ dμ ∈ w∗-cl
(∫

A

w∗-ls gn dμ

)
.

The proof of Theorem 4.1 involves the three following lemmas. The first one,
Lemma 4.2, is an adaptation of Lemma 4.1 in [16] in the framework of a dual
space. Its proof follows the same lines but needs a careful look and involves a
sequential σ

(
L1

E′ [E], L∞E
)
-compactness result. The second one, Lemma 4.3,

is derived from Proposition 3.5 in [15]. The third one, Lemma 4.4 transforms
Theorem 5.6 (jjj) [16] into a general result on integration of multifunctions,
in particular, it yields an extension of Ljapunov’s theorem for the sequential
weak∗ upper limit of a sequence of measurable multifunctions with values
in E′.

Lemma 4.2. Let 	 : 
 ⇒ E′ be a nonempty valued measurable and inte-
grably bounded multifunction. Then

S1
w∗−cl(	) ⊂ sequ. σ(L1

E′ [E], L∞E )-cl(S1
	). (†)

Consequently,∫
A

w∗-cl(	)dμ ⊂ seq w∗-cl
(∫

A

	dμ

)
= w∗-cl

(∫
A

	dμ

)
. (††)

Proof. Since the multifunction 	 has a F ⊗ B(E′s)-measurable graph and
E′s is a Suslin space, invoking Theorem III.22, [17], one can find a sequence
(σn)n≥1 of scalarly measurable selectors of 	 such that for every ω ∈ 
,
w∗ − cl(	(ω)) = w∗ − cl({σn(ω)}n≥1). Since 	 is integrably bounded, the
functions σn are necessary L1

E′ [E]-integrable and one has

dE′
m∗ − cl(	(ω)) = dE′

m∗ − cl({σn(ω)}n≥1), (4.2.1)

because the restriction of the w∗-topology to the closed ball |	(ω)|BE′ of E′
is metrizable by the metric dE′

m∗ . Now take σ in S1
w∗−cl(	). For each q ≥ 1,

let us define the sets

A
q
n :=

{
ω ∈ 
 : dE′

m∗ (σ (ω), σn(ω)) <
1
q

}
(n ≥ 1),



q

1 := A
q

1 , 

q
n := A

q
n \ ∪i<nA

q
i for n > 1
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and the function

ςq :=
+∞∑
n=1

1

q
n
σn.

Since the functions ω → dE′
m∗ (σ (ω), σn(ω)) are F-measurable, A

q
n ∈ F

for all n. Further, from (4.2.1) it follows that ∪nA
q
n = 
 a.e. Then (


q
n)n

constitutes a sequence of pairwise disjoint members of F which satisfies
∪n


q
n = 
 a.e. So ςq is a scalarly measurable selector of 	. As 	 is in-

tegrably bounded, we conclude that ςq ∈ S1
	. Furthermore, we have

dE′
m∗ (σ (ω), ςq(ω)) <

1
q

, ∀ω ∈ 
.

By integrating we get ∫



dE′
m∗ (σ, ςq) dμ ≤ 1

q
.

Letting q →+∞, this inequality entails

∀p ∈ N
∗, ∀A ∈ F, 〈xp,

∫
A

σ dμ〉 = lim
q→∞〈xp,

∫
A

ςq dμ〉. (4.2.2)

On the other hand, since the sequence (ςq) is mean norm bounded in the
space L1

E′ [E](μ), there exists, by Theorem 6.5.9 [13], a subsequence of (ςq)

still denoted in the same way and a function σ ′ ∈ L1
E′ [E](μ) such that

∀v ∈ L∞E (
,F, μ), lim
q→∞

∫



〈v, ςq〉dμ =
∫




〈v, σ ′〉dμ. (4.2.3)

From (4.2.2) and (4.2.3) it follows that σ ′ = σ a.e. Hence

σ ∈ sequ. σ(L1
E′ [E], L∞E )-cl(S1

	),

which proves (†). To prove (††) let a be an arbitrary element of∫
A

w∗-cl(	)dμ. Then there exists f ∈ L1
E′ [E](μ) such that a = ∫



f dμ.

Since, by (†), f ∈ seq σ(L1
E′ [E], L∞E)-cl(S1

	), there is a sequence (fn)

in S1
	 which σ(L1

E′ [E], L∞E ) converges to f so that, for every A ∈ F ,
w∗- limn

∫
A

fndμ = ∫
A

f dμ, whence
∫
A

f dμ ∈ seq w∗-cl
(∫

A
	dμ

)
. �

Lemma 4.3. Assume that μ is nonatomic, and � : 
 ⇒ E′ is a σ(E′, E)

compact valued measurable multifunction satisfying �(ω) ⊂ �(ω),∀ω ∈ 


where � : 
 ⇒ E′ is a scalarly integrable cwk(E′s)-valued multifunction.
Then

∀A ∈ F, G-
∫

A

w∗-cl co�dμ = w∗-cl
(

G-
∫

A

�dμ

)
.
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Proof. It is obvious that G-S1
� ⊂ G-S1

w∗-cl co� ⊂ G-S1
�. By [17, Theorem

V-13], G-S1
w∗-cl co� is convex and σ(G1

E′ [E], L∞⊗E) compact. Arguing as
in the L1

E(μ) case [26, Lemma 2 and Theorem 3], it is not difficult to see that
G-S1

� is dense in S1
w∗-cl co� with respect to the σ(G1

E′ [E], L∞⊗E) topology.
Since f �→ ∫



f dμ from G1

E′ [E](μ) into E′ is continuous with respect to
the σ(L1

E′ [E], L∞ ⊗ E), the conclusion follows. �

Lemma 4.4. Assume in addition that μ is nonatomic and let (	q)q≥1 be a
sequence of measurable multifunctions from 
 to σ(E′, E)- compact subsets
of E′. Suppose that 	q is integrably bounded, for all q, and S1∪q≥1	q

�= ∅.
Then for all A ∈ F, the following equalities hold:
(a) w∗-cl

∫
A
∪qw∗-clco	q dμ = w∗-cl

∫
A
∪q	q dμ.

(b) w∗-cl(
∫
A

co ∪q 	q dμ) = w∗-cl(
∫
A
∪q	q dμ).

Proof. Let σ be a fixed element of S1∪q≥1	q
and set

�q := ∪i=q

i=1(1dom	i
	i + 1
\dom	i

σ ).

Then (�q) is increasing, dom�q = 
, for all q, and ∪q�q = ∪q	q. Next,
for each q ∈ N and each F ∈ F , define the following multifunction:

�F,q := 1F w∗-cl co�q + 1
\F σ.

We claim that

seq σ(L1
E′ [E], L∞E )-cl [S1∪q∈Nw∗-cl co �q ] = seq σ(L1

E′ [E], L∞E )-cl [
⋃
q∈N

⋃
F∈F

S1
�F,q

].

Here seq σ(L1
E′ [E], L∞E )-cl(A) denotes the sequential σ(L1

E′ [E], L∞E )-
closure of a set A ⊂ L1

E′ [E](μ). Since, for each q ∈ N and each F ∈ F ,
�F,q ⊂ ∪q∈Nw∗-cl co�q , it suffices to prove the inclusion

S1∪q≥1w∗-cl co �q
⊂ seq σ(L1

E′ [E], L∞E )-cl

⎛
⎝⋃

q∈N

⋃
F∈F

S1
�F,q

⎞
⎠ . (4.4.1)

To show this, take s ∈ S1∪q≥1w∗-cl co�q
and for each q ∈ N, define a set

Fq ∈ F and an L1
E′ [E](μ) selector, sq , of �Fq,q as follows:

Fq := {ω ∈ 
 : s(ω) ∈ w∗-cl co�q(ω)} and sq := 1Fqs + 1
\Fq σ.

Then we have ∫



|s − sq | dμ ≤
∫


\Fq

|s|dμ+
∫


\Fq

|σ |dμ.
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Since limq→∞ μ(
 \ Fq) = 0, the preceding estimation implies that

s ∈ seq σ(L1
E′ [E], L∞E )-cl

⎛
⎝ ⋃

q∈N

⋃
F∈F

S1
�F,q

⎞
⎠ .

Thus the desired inclusion follows.
Using (4.4.1) it is immediate that

∀A ∈ F ,

∫
A
∪q≥1w∗-cl co�qdμ :=

{∫
A

f dμ : f ∈ S1∪q≥1w∗-cl co�q

}

⊂
⎧⎨
⎩

∫
A

f dμ : f ∈ sequ. σ
(
L1

E′ [E], L∞E
)

-cl

⎛
⎝ ⋃

q∈N

⋃
F∈F

S1
�F,q

⎞
⎠

⎫⎬
⎭ (4.4.2)

⊂ w∗-cl

⎛
⎝

⎧⎨
⎩

∫
A

f dμ : f ∈
⋃
q∈N

⋃
F∈F

S1
�F,q

⎫⎬
⎭

⎞
⎠=w∗-cl

⎛
⎝ ⋃

q∈N

⋃
F∈F

∫
A

�F,q dμ

⎞
⎠ .

On the other hand, since �q is measurable, w∗ compact valued and integrably
bounded for every q ∈ N and every F ∈ F , it follows from Lemma 4.3 that

∀q ∈ N, ∀A ∈ F,

∫
A

w∗-cl co�qdμ = w∗-cl
(∫

A

�qdμ

)
.

Consequently ∀q ∈ N, ∀F ∈ F , ∀A ∈ F ,
∫

A

�F,qdμ =
∫

A

1F w∗-cl co�qdμ+
∫

A

1
\F σdμ

= w∗-cl
(∫

A

1F �qdμ

)
+

∫
A

1
\F σdμ

= w∗-cl
(∫

A

1F �q + 1
\F σdμ

)
.

This yields ∀A ∈ F ,

w∗-cl

⎛
⎝⋃

q∈N

⋃
F∈F

∫
A

�F,q dμ

⎞
⎠ = w∗-cl

⎛
⎝ ⋃

q∈N

⋃
F∈F

∫
A

1F �q + 1
\F σdμ

⎞
⎠ .

(4.4.3)

Since 1F �q + 1
\F σ ⊂ ∪q∈N	q , for all q ∈ N and all F ∈ F , from (4.4.2)
and (4.4.3) we deduce

∀A ∈ F, w∗-cl
(∫

A

∪q≥1w
∗-cl co	q dμ

)
⊂ w∗-cl

(∫
A

∪q∈N	qdμ

)
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and the equality (a) follows. Whereas (b) is a consequence of the preceding
inclusion and the fact that

co ∪q∈N 	q ⊂ ∪q≥1w
∗-cl co	q.

�

Before going further let us give a useful application of the preceding
lemma to the sequential weak∗ upper limit of a sequence of measurable
multifunctions.

Proposition 4.5. Assume that μ is nonatomic and (Xn) is a sequence of mea-
surable multifunctions with values in E′. If S1

w∗-ls Xn
�= ∅, then the following

equalities hold

w∗-cl
∫




∪qw∗-clcow∗-ls (Xn ∩ BE′(0, q)) dμ = w∗-cl
∫




w∗-ls Xn dμ.

∀A ∈ F, w∗-cl
(∫

A

cow∗-ls Xn dμ

)
= w∗-cl

(∫
A

w∗-ls Xn dμ

)

Moreover, the set w∗-cl(
∫
A

w∗-ls Xn dμ) is w∗-closed and convex.

In particular, if Xn = �, for all n, where � : 
 ⇒ E′ is a measurable
multifunction such that S1

� �= ∅, then

∀A ∈ F, w∗-cl
(∫

A

co�

)
= w∗-cl

(∫
A

� dμ

)
.

Consequently the set w∗-cl
(∫

A
� dμ

)
is w∗-closed and convex

Proof. Take 	q := w∗-ls(Xn ∩ qBE′). Then 	q is integrably bounded and,
since qBE′ is compact metrizable with respect to the weak∗ topology, it
is not difficult to see that 	q is w∗-compact valued and measurable (see,
e.g., Theorem 5.4 in [12]). Furthermore, since a w∗-convergent sequence is
bounded in E′, we have for all ω ∈ 


w∗-ls Xn =
⋃
q∈N

	q.

Then, in view of the condition S1
w∗-ls Xn

�= ∅, the multifunction
⋃

q∈N
	q

admits at least one L1
E′ [E](μ)-selection. Consequently, it is possible to apply

Lemma 4.4 to the sequence (	q), which entails the desired equalities. �

The next corollary shows that for a measurable multifunction having at
least one L1

E′ [E](μ)-integrable selector the integral is dense in the G-integral
with respect to the w∗-topology.
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Corollary 4.6. Assume that μ is nonatomic, and � : 
 ⇒ E′ is a measurable
multifunction. If S1

� �= ∅, then the following equality holds

∀A ∈ F, w∗cl
(∫

A

�dμ

)
= w∗-cl

(
G-

∫
A

�dμ

)
.

Proof. It suffices to prove the inclusion

G-
∫

A

�dμ ⊂ w∗cl
(∫

A

�dμ

)
.

Let a be an arbitrary element of G-
∫
A

� dμ. Then there exists a function
f ∈ G-S1

� such that a = ∫
A

f dμ. For each p ∈ N, define the measurable set

Mp := {ω ∈ 
 : ‖f (ω)− σ(ω)‖E′b ≤ p},

where σ is a fixed L1
E′ [E](μ)-integrable selector of �. Then, since 0 ∈ �−σ

a.e., one has

∀x ∈ E,

∫
A

1Mp(� − σ) dμ ⊂
∫

A

� − σ dμ.

Therefore

〈x,

∫
A

f − σ dμ〉 =
∫

A

〈x, f − σ 〉 dμ = lim
p→∞

∫
A

〈x, 1Mp(f − σ)〉 dμ

= lim
p→∞〈x,

∫
A

1Mp(f − σ) dμ〉

≤ lim
p→∞ δ∗(x,

∫
A

1Mp(� − σ dμ))

≤ δ∗(x,w∗-cl (
∫

A

� − σ dμ)),

for every x ∈ E and for every A ∈ F . Moreover, by Proposition 4.5, the set
w∗-cl (

∫
A

� dμ) is convex w∗-closed and so is w∗-cl
(∫

A
� − σ dμ

)
. Conse-

quently, ∫
A

f − σ dμ ∈ w∗-cl
(∫

A

� − σ dμ

)
,

which is equivalent to

a ∈ w∗-cl
(∫

A

� dμ

)
.

This finishes the proof. �
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Proof of Theorem 4.1. By Theorem 2.3 in [15] and its proof, there exist an
increasing sequence (Ck) in F with limk μ(Ck) = 1, a subsequence (gn) of
(fn) and f∞ ∈ L1

E′ [E](
,F, μ) satisfying (1), (2) and (3). Now let us prove
the localization properties (4) and (5). We shall proceed in two steps.
Step 1. In view of Proposition 3.7, we may suppose, for simplicity, that (gn) is
compactly cwk(E′s)-tight. Consequently, we can construct a non decreasing
sequence, (�q)q , of cwk(E′s)-valued scalarly measurable integrably bounded
multifunctions (in the special case we consider here, we may take for �q the
closed ball BE′(0, ρq) of center 0 and with radius ρq ) such that

∀n, μ(
 \ An,q) ≤ 1
q

, (4.1.1)

where
An,q := {ω ∈ 
 : gn(ω) ∈ �q(ω)}.

Now, from the condition L1- lim sup-MT and Theorem 5.7 in [16] it follows
that the multifunction w∗- ls gn admits a L1

E′ [E](μ) selector σ . Let (e′m) be
a fixed dense sequence in B̄E′ for the Mackey topology and define

gm
n,q = 1An,q (gn − �σ − e′m), (q,m ∈ N), (� = 0, 1).

It is obvious that the sequence (gm
n,q)n satisfies the condition L1- lim sup-MT

so that we may apply again Theorem 2.3 in [15]. Thus, using a standard
diagonal procedure, it is possible to find a subsequence (not relabeled) of
(gm

n,q) and f m∞,q ∈ L1
E′ [E](
,F, μ) such that

∀e ∈ E, lim
n→∞

1
n

n∑
i=1

〈e, hi(ω)〉 → 〈e, f m∞,q (ω)〉, a.e. ω ∈ 
, (4.1.2)

for every subsequence (hn) of (gm
n,q) with

f m∞,q (ω) ∈ w∗-cl co

⎛
⎝⋂

p=1

w∗-cl{gm
i,q(ω) : i ≥ p}

⎞
⎠ , a.e. ω ∈ 
.

As
sup
n
‖gm

n,q(ω)‖E′b ≤ |�q |(ω)+ �‖σ(ω)‖E′b + 1 < ∞
and the restriction of the w∗-topology to the closed ball (|�q |(ω) +
�‖σ(ω)‖E′b + 1)BE′ is metrisable, it follows that

w∗-ls gm
n,q(ω) =

⋂
p=1

w∗-cl({gm
i,q(ω) : i ≥ p}),
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for all q ∈ N, for all m ∈ N and for all ω ∈ 
. Hence

f m∞,q (ω) ∈ w∗ − cl co [w∗-ls gm
n,q(ω)], a.e. ω ∈ 
 (4.1.3)

for all q ∈ N and for all m ∈ N. Next, putting

Lq :=
i=q⋃
i=1

1Di
w∗-ls (gn∩�i)+1
\Di

σ, where Di := dom w∗-ls (gn∩�i),

φ(ω) := lim inf
n→∞

1
n

n∑
i=1

‖gi(ω)‖E′b ,

and

F�
m,σ (ω) :=BE′(f∞(ω)−�σ(ω), φ(ω)+�‖σ(ω)‖E′b+‖e′m‖E′b )), (�=0, 1),

we claim that

f∞(ω)−�σ(ω)∈w∗−cl(∪q≥1w
∗−clco[(Lq(ω)−�σ(ω))∪{e′m}]∩F�

m,σ(ω))

(4.1.4)

a.e., for all m ∈ N. Indeed, it follows from (3) and (4.1.2) that

‖(f∞(ω)− �σ(ω)− e′m)− f m∞,q (ω)‖E′b
= sup

e∈BE

|〈e, f∞(ω)− �σ(ω)− e′m〉 − 〈e, f m∞,q (ω)〉|

= sup
e∈BE

lim
n→∞

1
n
|

n∑
i=1

〈e, gi(ω)− �σ(ω)− e′m〉 − 〈e, gm
i,q(ω)〉|

= sup
e∈BE

lim
n→∞

1
n
|

n∑
i=1

〈e, 1Ac
i,q

(gi(ω)− �σ(ω)− e′m)〉|

≤ lim inf
n→∞

1
n

n∑
i=1

1
\Ai,q
‖gi(ω)− �σ(ω)− e′m‖E′b := φm

q (ω) (4.1.5)

a.e. Using Fatou lemma and (4.1.1) we get

lim
q→∞

∫
Ck

φm
q (ω)dμ ≤ lim

q→∞ lim inf
n→∞

1
n

n∑
i=1

∫
Ck∩(
\Ai,q )

‖gi(ω)− �σ(ω)− e′m‖E′
b

dμ

≤ lim
q→∞ sup

n

∫
Ck∩(
\An,q )

‖gn(ω)− �σ(ω)− e′m‖E′
b

dμ = 0,

for every k ∈ N. Hence the sequence (φm
q (ω))q converges to 0 in the Banach

space L1
R
(Ck) when q → ∞. By extracting subsequences, we may assume

that (φm
q )q converges to 0 a.e. on each Ck . From (4.1.3) and (4.1.5) we have
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f m∞,q (ω) ∈ co[w∗-lsgm
n,q(ω)] ∩ BE′(f∞(ω)− �σ(ω)− e′m, φm

q (ω)))

⊂ co[(Lq(ω)− �σ(ω)− e′m) ∪ {0}] ∩ (F �
m,σ (ω)− e′m) a.e,

because

co[w∗-lsgm
n,q (ω)] ⊂ co[w∗-ls((gn(ω)− �σ(ω)− e′m) ∩ (�q(ω)− �σ(ω)− e′m)) ∪ {0}]

⊂ co[(Lq(ω)− �σ(ω)− e′m) ∪ {0}],
and

φm
q (ω) ≤ φ(ω)+ �‖σ(ω)‖E′b + ‖e′m‖E′b .

We deduce that

dE′
b
(f∞(ω)− �σ(ω)− e′m, w∗ − clco[(Lq(ω)− �σ(ω)− e′m) ∪ {0}] ∩ (F �

m,σ (ω)− e′m)

≤ ‖f∞(ω)− �σ(ω)− e′m − f m∞,q (ω)‖E′b ≤ φm
q (ω).

As (φm
q )q converges to 0 a.e. on each Ck and μ(Ck) → 1, it follows that

f∞(ω)− �σ(ω)− e′m
∈ w∗ − cl

( ∪q≥1 w∗ − clco[(Lq(ω)− �σ(ω)− e′m) ∪ {0}] ∩ (F �
m,σ (ω)− e′m)

)

a.e., which is equivalent to (4.1.4). Now, to prove (4) we repeat an argument
in the proof of Theorem 8 in [2]. We assert that, for every subset C in E′,

w∗cl co C =
⋂
m

w∗cl co[C ∪ {e′m}]. (‡)

Indeed, assume that C is nonempty. If x′ /∈ w∗cl co C, there is e ∈ E and
r ∈ R such that

δ∗(e, C) < r < 〈e, x′〉.
Taking e′m in {y ∈ E′ : δ∗(e, C) < 〈e, y〉 < r} we get

w∗-cl co[C ∪ {e′m}] ⊂ {y ∈ E′ : 〈e, y〉 ≤ r}.

Hence x /∈ w∗-cl co[C ∪ {e′m}].
Applying (‡) in our case we get

w∗ − cl(∪q≥1w
∗ − cl co Lq(ω))

=
⋂
m≥1

w∗cl co[(∪q≥1w
∗cl co Lq(ω)) ∪ {e′m}]

=
⋂
m

w∗ − cl(∪q≥1w
∗ − clco[Lq(ω) ∪ {e′m}]), (4.1.6)
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for all ω ∈ 
, where the last equality follows from the fact that the sequence
(Lq) is increasing. Consequently, (4) follows from (4.1.4) for � = 0, and
(4.1.6). It remains to prove (5).
Step 2. Writing

F 1
m,σ (ω) = f∞(ω)− σ(ω)+ (φ(ω)+ ‖σ(ω)‖E′b + ‖e′m‖E′b )BE′(0, 1),

we deduce easily that F 1
m,σ ∈ L1

cwk(E′s )
(μ). On the other hand, it is not dif-

ficult to see that Lq is measurable (see, e.g., Theorem 5.4 in [12]) and so is
the multifunction w∗-cl co[Lq − σ ∪ {e′m}]. From these facts and (4.1.4) for
� = 1, it follows that the multifunction ∪q≥1w

∗-cl co[Lq −σ ∪ {e′m}] ∩F 1
m,σ

satisfies the conditions of Lemma 4.2. Then∫
A

w∗ − cl[∪q≥1w
∗-cl co[Lq − σ ∪ {e′m}] ∩ F 1

m,σ ] dμ

⊂ w∗-cl
(∫

A

∪q≥1w
∗-cl co[Lq − σ ∪ {e′m}] ∩ F 1

m,σ dμ

)

⊂ w∗-cl
(∫

A

∪q≥1w
∗-cl co[Lq − σ ∪ {e′m}] dμ

)
, (4.1.7)

for every m. Now an appeal to Lemma 4.4 shows that

w∗-cl
(∫

A

∪q≥1w
∗-cl co[Lq − σ ∪ {e′m}]

)
dμ

= w∗-cl
(∫

A

∪q≥1Lq − σ ∪ {e′m} dμ

)
. (4.1.8)

Thus using (4.1.4) for � = 1, (4.1.7) and (4.1.8) we get
∫

A

f∞−σ dμ∈
∫

A

⋂
m

w∗− cl[∪q≥1(w
∗-cl co[Lq−σ ∪ {e′m}] ∩ F 1

m,σ )] dμ

⊂
⋂
m

∫
A

w∗ − cl[∪q≥1

(
w∗-cl co[Lq − σ ∪ {e′m}]∩F 1

m,σ

)
] dμ

⊂
⋂
m

w∗-cl
(∫

A

∪q≥1Lq − σ ∪ {e′m} dμ

)

⊂
⋂
m

w∗-cl
(∫

A

w∗-ls gn − σ ∪ {e′m} dμ

)
,

where the last inclusion follows from the fact that, ∪q≥1Lq ⊂ w∗-ls gn.
On the other hand, noting that the multifunction w∗-ls gn is measurable, (by
Theorem 5.5 in [12]) and 0 ∈ w∗-ls gn − σ , we can prove easily that
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∫
A

w∗-ls gn − σ ∪ {e′m} dμ ⊂
∫

A

w∗-ls gn − σ dμ+
∫

A

{e′m} ∪ {0} dμ,

which implies

w∗-cl
(∫

A

w∗-ls gn − σ ∪ {e′m} dμ

)

⊂ w∗-cl
(∫

A

w∗-ls gn − σ dμ

)
+

∫
A

{e′m} ∪ {0} dμ,

since the set
∫
A
{e′m} ∪ {0} dμ is compact. Hence, there exists

a ∈ w∗-cl
(∫

A

w∗-ls gn − σ dμ

)
and bm ∈

∫
A

{e′m} ∪ {0} dμ

such that ∫
A

f∞ − σ dμ = a + bm,

for every m. But, taking a subsequence (e′mk
) of (e′m) which w∗-converges

to 0 one has limk→∞〈x, bmk
〉 = 0. Indeed, choose sm in S1

{e′m}∪{0} such that∫
A

sm dμ = bm. Then we have

|〈x, bm〉| = |〈x,

∫
A

sm dμ〉| = |
∫

A

〈x, sm〉 dμ|

≤
∫

A

|〈x, sm〉| dμ ≤
∫

A

|〈x, e′m〉| dμ = μ(A)|〈x, e′m〉|.

Hence ∫
A

f∞ − σ dμ ∈ w∗-cl
∫

A

w∗-ls gn − σ dμ.

Equivalently ∫
A

f∞ dμ ∈ w∗-cl
(∫

A

w∗- ls gn dμ

)
.

�

From Theorem 4.1, we get easily the following version of Fatou lemma.

Corollary 4.7. Let E be a separable Banach space. Let (fn) be sequence in
the space L1

E′ [E](μ) such that:

(i) (fn) satisfies the condition L1- lim sup-MT.
(ii) For every x ∈ E, the sequence (〈x, fn〉) is uniformly integrable.

(iii) There exists b ∈ E′ such that b = w∗- limn→∞
∫



fndμ.
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Then there exists f∞ ∈ L1
E′ [E](μ) such that:

(j) b = ∫



f∞dμ.
(jj) For almost all ω ∈ 
 one has f∞(ω) ∈ w∗-cl co [w∗- lsfn(ω)].

(jjj) In particular, if μ is nonatomic, then
∫




f∞dμ ∈ w∗-cl
(∫




w∗-ls fn dμ

)
.

We end this section by the following version of Fatou which is an analog of
Corollary 4.4 [16] in the framework of L1

E′ [E](μ) space.

Corollary 4.8. Let E is a separable Banach space. Let (fn) be a sequence in
L1

E′ [E](
,F, μ) satisfying the condition L1- lim sup-MT. If μ is nonatomic,
then the following inclusion holds

w∗- ls

∫



fn dμ ⊂ w∗-cl
∫




w∗- ls fn dμ− C∗,

where C is the cone of all x ∈ E for which (max[0, 〈−x, fn〉]) is uniformly
integrable and C∗ is the polar cone of C.

Proof. Let b be an arbitrary element of w∗- ls
∫



fn dμ. Then there exist a
subsequence of (fn) (not relabeled) such that b = w∗ − limn

∫



fn dμ. An
appeal to Theorem 4.1 produces a function f∞ ∈ L1

E′ [E](μ), a subsequence
(gn) of (fn) and an increasing sequence (Ck) in F with limk μ(Ck) = 1 for
which (1)–(5) hold.

Let ε > 0 and x ∈ C be given. Pick k0 ≥ 1 such that∫
Ck0

〈x′, f∞〉 dμ ≥
∫




〈x′, f∞〉 dμ− ε

and that
lim sup

n

∫

\Ck0

〈x, gn〉− dμ ≤ ε.

These two inequalities combined with (1) and a routine computation give

〈x, b〉 ≥ lim
n

∫
Ck0

〈x, gn〉 dμ− lim sup
n

∫

\Ck0

〈x, gn〉− dμ

≥ lim
n

∫
Ck0

〈x, gn〉 dμ− ε

=
∫

Ck0

〈x, f∞〉 dμ− ε

≥
∫




〈x, f∞〉 dμ− 2ε.
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Thus 〈x, b〉 ≥ ∫


〈x, f∞〉 dμ. As μ is nonatomic, by (5), we conclude that

b ∈
∫




f∞ dμ− C∗ ∈ w∗-cl
(∫




w∗-ls fndμ

)
− C∗.

�

5. Convergences in G1
E′ [E](μ)

In this section we proceed to a new convergence result in the space
G1

E′ [E](μ) of scalarly integrable mappings f : 
 → E′ and its appli-
cations to Fatou lemma. Since |f | /∈ L1

R
(μ), this study involves both the

L0- lim sup-Mazur and the scalar L1- lim inf-Mazur tightness conditions by
contrast with the L1- lim sup-Mazur tightness condition occurring in the
space L1

E′ [E](μ). Before going further, we need the following G1
E′ [E]-

extension of Lemma 4.4.

Lemma 5.1. Assume that μ is nonatomic and let (	q)q≥1 be a sequence of
measurable multifunctions from 
 to σ(E′, E)- compact subsets of E′. Sup-
pose that 1dom	q 	q is scalarly integrable, for all q,and G-S1∪q≥1	q

�= ∅.
Then:
(a) w∗-cl (G− ∫



∪qw∗-clco	q dμ) = w∗-cl (G− ∫



∪q	q dμ).

(b) ∀A ∈ F, w∗-cl (G− ∫
A

co ∪q 	q dμ) = w∗-cl (G− ∫
A
∪q	q dμ).

Proof. Let σ be a fixed element of G-S1∪q≥1	q
and set

�q := ∪i=q

i=1(1dom	i
	i + 1
\dom	i

σ ).

Then (�q) is increasing, dom�q = 
, for all q, and ∪q�q = ∪q	q. Next,
for each q ∈ N and each F ∈ F , define the following multifunction:

�F,q := 1F w∗-cl co�q + 1
\F σ.

We claim that

seq w∗-cl
(

G-
∫

A

∪q∈Nw∗-cl co �q dμ

)
= seq w∗-cl

(
G-

∫
A

∪q∈N ∪F∈F �F,q dμ

)
.

Here seq w∗-cl(Y ) denotes the sequential w∗-closure of a set Y ⊂ E′. Since,
for each q ∈ N and each F ∈ F , �F,q ⊂ ∪q∈Nw∗-cl co�q , it suffices to
prove the inclusion

G-
∫

A

∪q∈Nw∗-cl co �q dμ ⊂ seq w∗-cl

⎛
⎝ ⋃

q∈N

⋃
F∈F

G-
∫

A

�F,q dμ

⎞
⎠ .

(5.1.1)
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To show this, take s ∈ G-S1∪q≥1w∗-cl co	q
and for each q ∈ N, define a set

Fq ∈ F and an G1
E′ [E](μ) selector, sq , of �Fq,q as follows:

Fq := {ω ∈ 
 : s(ω) ∈ w∗-cl co�q(ω)} and sq := 1Fqs + 1
\Fq σ.

Then we have

∀x ∈ E,

∫



|〈x, s − sq〉| dμ ≤
∫


\Fq

|〈x, s〉|dμ+
∫


\Fq

|〈x, σ 〉|dμ.

Since limq→∞ μ(
 \ Fq) = 0, the preceding estimation implies that

s ∈ seq w∗-cl (G-
∫

A

∪q∈N ∪F∈F �F,q dμ).

Thus the desired inclusion follows.
On the other hand, since, for each q ∈ N, the multifunction �q satisfies

all the conditions of Lemma 4.3. we have

∀q ∈ N, ∀A ∈ F, G-
∫

A

w∗-cl co�qdμ = w∗-cl (G-
∫

A

�qdμ).

Consequently ∀q ∈ N, ∀F ∈ F , ∀A ∈ F ,

G-
∫

A

�F,qdμ = G-
∫

A

1F w∗-cl co�qdμ+
∫

A

1
\F σdμ

= w∗-cl (G-
∫

A

1F �qdμ)+
∫

A

1
\F σdμ

= w∗-cl (G-
∫

A

(1F �q + 1
\F σ)dμ).

This yields ∀A ∈ F ,

w∗-cl (
⋃
q∈N

⋃
F∈F

G-
∫

A

�F,q dμ)=w∗-cl (
⋃
q∈N

⋃
F∈F

G-
∫

A

1F �q+1
\F σdμ).

(5.1.2)

Since 1F �q + 1
\F σ ⊂ ∪q∈N	q , for all q ∈ N and all F ∈ F , from (5.1.1)
and (5.1.2) we deduce

∀A ∈ F, w∗-cl (G-
∫

A

∪q≥1w
∗-cl co	q dμ) ⊂ w∗-cl (G-

∫
A

∪q∈N	qdμ).

Hence the equality (a) follows. Finally, the equality (b) is a consequence of
the preceding inclusion and the fact that

co ∪q∈N 	q ⊂ ∪q≥1w
∗-cl co	q.

�
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The following result is a reformulation of Proposition 4.5 for the multi-
valued Gelfand integral. Its proof is similar using Lemma 5.1.
Proposition 5.2. Let (Xn) be a sequence of measurable multifunctions with
values in E′. If μ is nonatomic and if the set G-S1

w∗-ls Xn
is nonempty, then

for all A ∈ F , the equalities

w∗-cl
(

G-
∫
A
∪qw∗-clcow∗-ls (Xn ∩ BE′ (0, q)) dμ

)
= w∗-cl

(
G-

∫
A

w∗-ls Xn dμ

)
,

w∗-cl
(

G-
∫

A

cow∗-ls Xn dμ

)
= w∗-cl

(
G-

∫
A

w∗-ls Xn dμ

)
,

hold. Moreover, the set w∗-cl
(
G-

∫
A

w∗-ls Xn dμ
)

is w∗-closed and convex.

In particular, if Xn = �, for all n, where � : 
 ⇒ E′ is a measurable
multifunction such that G-S1

� �= ∅, then

∀A ∈ F, w∗-cl
(

G-
∫

A

co�

)
= w∗-cl

(
G-

∫
A

� dμ

)
.

Consequently the set w∗-cl
(
G-

∫
A

� dμ
)

is w∗-closed and convex

Theorem 5.3. Let E is a separable Banach space. Let (fn) be a in
G1

E′ [E](μ) satisfying the following conditions:

(i) (fn) is L0- lim sup-MT.
(ii) (fn) is scalarly L1- lim inf-MT.

Then there exist a function f∞ ∈ G1
E′ [E](μ), a subsequence (gn) of (fn) and

a sequence (Ck) in F with limk μ(Ck) = 1 such that the following hold:

(1) ∀k ∈ N, ∀n ≥ k, 1Ck
gn ∈ L1

E′ [E](μ), 1Ck
f∞ ∈ L1

E′ [E](μ).
(2) (1Ck

‖gn‖E′b )n≥k is uniformly integrable in L1
R
(μ) for each k.

(3)

∀v ∈ L∞E (
,F, μ), lim
n→∞,n≥k

∫
Ck

〈v, gn〉dμ =
∫

Ck

〈v, f∞〉dμ.

(4) (gn) weakly Komlós converges to f∞.

(5) f∞(ω) ∈ w∗-cl co [w∗- ls gn(ω)] a.e.
(6) If μ is nonatomic, then ∀A ∈ F,

(∈1)
∫
A

1Ck
f∞ dμ ∈ w∗-cl

(∫
A

1Ck
w∗-ls gn dμ

)
.

(∈2)∫
A

f∞ dμ∈w∗-cl
(

G-
∫

A

w∗-ls fn dμ

)
provided that G-S1

w∗- ls fn
�= ∅.
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Proof. On account of the L0- lim sup-MT tightness condition (i) and
Proposition 3.4, we provide a subsequence (gn) of (fn), a measurable func-
tion ϕ∞ : 
 �→ R

+, and a sequence (Ck) in F with limk μ(Ck) = 1 such
that

lim
n→∞

∫
A∩Ck

|gn| dμ =
∫

A∩Ck

ϕ∞ dμ < ∞,

for all k ∈ N and for all A ∈ F . In view of this equality, we observe that, for
each k ∈ N, every subsequence (hn) of (gn) admits a subsequence (hk

n) with∫
Ck
|hk

n| dμ < ∞, for all n ∈ N, such that (1Ck
hk

n) is uniformly integrable.
Using this fact and applying Theorem 4.1 to (1Ck

gn) via a standard diagonal
procedure, it is possible to find a subsequence of (gn) (not relabeled) and a
function f k∞ ∈ L1

E′ [E](μ) such that

(1Ck
gn)n≥k is uniformly integrable in L1

E′ [E](μ),

(1Ck
gn) weakly Komlós converges to f k∞,

∀k ∈ N, ∀v ∈ L∞E (
,F, μ), lim
n→∞,n≥k

∫



〈v, 1Ck
gn〉dμ=

∫



〈v, f k∞〉dμ,

f k∞(ω) ∈ w∗-cl co [w∗- ls gn(ω)] a.e ω ∈ Ck.

Furthermore, if μ is nonatomic, then

∀A ∈ F,

∫
A

f k∞ dμ ∈ w∗-cl
(∫

A

w∗-ls 1Ck
gn dμ

)
.

Put
C′1 := C1 and C′k := Ck \ Ck−1 for k > 1,

and

f∞ :=
k=∞∑
k=1

1C′k f
k∞.

Since 1
n

∑n
i=1 gi w∗-converges to f k∞ a.e. on each Ck and (Ck) ↑, it follows

that
∀k,∀j ≤ k, f

j∞ = f k∞ a.e on Cj ,

and then
∀k, f∞ = f k∞ a.e on Ck.

Consequently we get

(gn) weakly Komlós converges to f∞,

∀k ∈ N, ∀v ∈ L∞E (
,F, μ), lim
n→∞,n≥k

∫
Ck

〈v, gn〉dμ =
∫

Ck

〈v, f∞〉dμ,
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f∞(ω) ∈ w∗-cl co [w∗- ls gn(ω)] a.e.

and, if μ is nonatomic, we have

∀A ∈ F,

∫
A∩Ck

f∞ dμ =
∫

A∩Ck

f k∞ dμ ∈ w∗-cl
(∫

A∩Ck

w∗-ls 1Ck
gn dμ

)

= w∗-cl
(∫

A

w∗-ls 1Ck
gn dμ

)
.

thus proving (1), (2), (3), (4), (5) and (6)-(∈1). Next, let us show that f∞ is
scalarly integrable. Fix x in E. By conditions (i), (ii) and Proposition 3.6,
the sequence (〈x, gn〉) is L1- lim sup-MT. So, applying Proposition 3.4 to the
sequence (〈x, gn〉), provides a function ϕx∞ ∈ L1

R+(μ), a subsequence of (gn)

still denoted (gn) and an increasing sequence (Cx
k ) in F with limk μ(Cx

k ) = 1
such that, for every k ∈ N, the following holds:

∀A ∈ F, lim
n→∞

∫
A∩Cx

k

|〈x, gn〉| dμ =
∫

A∩Cx
k

ϕx∞ dμ.

Using successively this equality, conclusion (4) and the classical Fatou
lemma we get

∫
Cx

k

|〈x, f∞〉| dμ =
∫

Cx
k

lim
n→∞ |

1
n

n∑
i=1

〈x, gi〉| dμ≤
∫

Cx
k

lim inf
n→∞

1
n

n∑
i=1

|〈x, gi〉|dμ

≤ lim inf
n→∞

1
n

n∑
i=1

∫
Cx

k

|〈x, gi〉|dμ

= lim
n→∞

∫
Cx

k

|〈x, gn〉| dμ =
∫

Cx
k

ϕx∞ dμ

for all k ∈ N. Whence
∫


|〈x, f∞〉| dμ= lim

k→∞

∫
Cx

k

|〈x, f∞〉| dμ ≤ lim
k→∞

∫
Cx

k

ϕx∞ dμ =
∫



ϕx∞ dμ < ∞,

proving the required integrability property. Finally, let us prove the second
inclusion of (6). Let σ ∈ G-S1

w∗- ls fn
. Then from (∈1) and the inclusion

0 ∈ w∗-ls fn − σ , it follows that
∫

A∩Ck

(f∞ − σ) dμ ∈ w∗-cl
(

G−
∫

A

1Ck

(
w∗-ls fn − σ

)
dμ

)

⊂ w∗-cl
(

G−
∫

A

w∗-ls fn − σ dμ

)
,
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for every k ∈ N and every A ∈ F . Consequently, since f∞ and σ are scalarly
integrable, one has ∀x ∈ E,∀A ∈ F ,〈
x,

∫
A

f∞ − σ dμ

〉
=

∫
A

〈x, f∞ − σ 〉 dμ = lim
k→∞

∫
A

〈
x, 1Ck

(f∞ − σ)
〉
dμ

= lim
k→∞

〈
x,

∫
A

1Ck
(f∞ − σ) dμ

〉

≤ δ∗
(

x,w∗-cl
(

G−
∫

A

w∗-ls fn − σ dμ

))
.

Moreover, by Proposition 5.2, the set w∗-cl(G−∫
A

w∗-ls fn dμ) is w∗-closed
convex and so is w∗-cl(G− ∫

A
w∗-ls fn − σ dμ). Hence we get

∀A ∈ F,

∫
A

f∞ − σ dμ ∈ w∗-cl
(

G−
∫

A

w∗-ls fn − σ dμ

)
.

Thus ∫
A

f∞ dμ ∈ w∗-cl
(

G−
∫

A

w∗-ls fn dμ

)
.

This completes the proof. �

The following result is a direct consequence of Theorem 5.3, Corol-
lary 4.6 and Theorem 5.8 in [12].

Corollary 5.4. Let E is a separable Banach space. Let (fn) be a sequence in
G1

E′ [E](μ) satisfying the following two conditions

(i) (fn) is L0- lim sup-MT.
(ii) (fn) is scalarly L1- lim inf-MT.

(iii) lim inf |fn| ∈ L1
R
(μ).

Then there exist a function f∞ ∈ G1
E′ [E](μ), a subsequence (gn) of (fn) and

a sequence (Ck) in F with limk μ(Ck) = 1 satisfying (1)–(5) of Theorem 5.3
and, if μ is nonatomic, then

(6′) ∀A ∈ F,

∫
A

f∞ dμ ∈ w∗-cl
(∫

A

w∗-ls fn dμ

)
.

Theorem 5.3 extends Theorem 4.1 to the space G1
E′ [E](μ), by the way,

we get the following G1
E′ [E](μ)-extension of Corollary 4.8.

Corollary 5.5. Suppose that μ is nonatomic, E is a separable Banach space
and (fn) is a sequence in G1

E′ [E](μ) satisfying the following two conditions

(i) (fn) is L0- lim sup-MT.
(ii) (fn) is scalarly L1- lim inf-MT.

(iii) lim inf |fn| ∈ L1
R
(μ).
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Then the following inclusion holds

w∗- ls

∫



fn dμ ⊂ w∗-cl
(∫




w∗- ls fn dμ

)
− C∗,

where C is the cone of all x ∈ E for which (max[0, 〈−x, fn〉]) is uniformly
integrable and C∗ is the polar cone of C.

The proof is the same as that of Corollary 4.8 using Corollary 5.4 and is
omitted. �

6. Convergences in L1
cwk(E′

s )
(μ) and G1

cwk(E′
s )
(μ)

Our main result in this section is concerned with new convergence results in
the space L1

cwk(E′s )
(μ) and G1

cwk(E′s )
(μ).

Theorem 6.1. Let (Xn) be a sequence in L1
cwk(E′s )

(μ) satisfying the condi-

tion L1- lim sup-MT. Then there exist a subsequence (X′n) of (Xn), X∞ ∈
L1

cwk(E′s )
(μ) and a sequence (Dk) in F with limk μ(Dk) = 1 such that the

following hold:

(1) (|X′n|) is uniformly integrable in L1
R
(Dk)(μ) on each Dk .

(2) (X′n) weakly Komlós converges to X∞.
(3) (X′n) dm∗ -Wijsman Komlós converges a.e. to X∞.
(4) (X′n) weakly biting converges to X∞.

∀k ≥ 1, ∀v ∈ L∞E (
,F , μ), lim
n→∞

∫
Dk

δ∗(v,X′n)dμ =
∫
Dk

δ∗(v,X∞)dμ,

(5) X∞(ω) ⊂ w∗-cl co [w∗- ls Xn(ω)] a.e.
(6) If μ is nonatomic then

∀A ∈ F,

∫
A

X∞ dμ ⊂ w∗-cl
(∫

A

w∗-ls X′n dμ

)
.

Proof. We will use several arguments of the proof of Theorem 4.1 with ap-
propriate modifications.
Step 1. On account of the condition L1- lim sup-M, Theorem 2.1 in [15]
and Proposition 3.4, there exist a subsequence (X′n) of (Xn) a function
ϕ ∈ L1

R
(μ) and an increasing sequence (Dk) in F with limk μ(Dk) = 1

such that

(|X′n|) is uniformly integrable in L1
R
(Dk)(μ) on eachDk, (6.1.1)
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lim
n→∞

1
n

n∑
i=1

|Yi |(ω) = ϕ(ω) exists a.e., and (6.1.2)

lim
n→∞ δ∗

(
xp,

1
n

n∑
i=1

Yi

)
exists a.e. (6.1.3)

for every subsequence (Yn) of (X′n). On the other hand, in view of
Proposition 3.8, we may suppose, for simplicity, that (X′n) is compactly
cwk(E′s)-tight. Consequently, we can construct a non decreasing sequence,
(Kq), in L1

cwk(E′s )
(μ) such that

∀n, μ(
 \ {ω ∈ 
 : X′n(ω) ⊂ Kq(ω)}) ≤ 1
q

. (6.1.4)

Next, for every p ∈ N, pick a maximal L1
E′ [E](μ)-selection vn,p of X′n,

that is
δ∗(xp,X′n) = 〈xp, vn,p〉.

It is clear that (vn,p) is also L1- lim sup-MT and we have

∀n, μ(
\ {ω ∈ 
 : vn,p(ω) ⊂ Kq(ω)}) ≤ μ(
\ {ω ∈ 
 : X′n(ω) ⊂ Kq(ω)}) ≤ 1
q

.

As in the proof of Theorem 4.1, let us set

Qq :=
i=q⋃
i=1

1Bi
w∗-ls (X′n ∩Ki)+ 1
\Bi

τ,

where Bi := dom w∗-ls (X′n ∩Qi) and τ a fixed L1
E′s

(μ)-integrable selector
of w∗-lsX′n (such a function is ensured by Theorem 5.7 in [16]). Repeating
mutandis the arguments of the proof of Theorem 4.1 for the sequence (vn,p)n
instead of (fn) but replacing (Ck), �q , Lq , φ and σ respectively by (Dk), Kq ,
Qq , ϕ and τ , we can always find a subsequence of (vn,p) (not relabeled) and
v∞,p ∈ L1

E′ [E](μ) for each p ∈ N, such that

(vn,p) weakly Komlós converges to v∞,p ∈ L1
E′ [E](μ) for each p ∈ N

(6.1.5)

v∞,p(ω)−�τ(ω) ∈ w∗ − cl[∪q≥1(w∗-cl co[Qq(ω)− �τ(ω) ∪ {e′m}] ∩G�
m,τ (ω))],

(6.1.6)
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where

G�
m,τ (ω) :=BE′(v∞,p(ω)−�τ(ω), ϕ(ω)+�‖τ(ω)‖E′b+‖e′m‖E′b ), (�=0, 1).

Step 2. Let us prove (2) and (3). To do this consider the multifunctions

Sn = 1
n

n∑
i=1

X′i and X∞ = w∗-li 1
n

n∑
i=1

X′i ,

where w∗-li Cn is the sequential weak∗ lower limit of a sequence (Cn) in 2E′

defined by

w∗-li Cn = {x′ ∈ E′ : x′ = σ(E′, E)- lim
n→∞ x′n; x′n ∈ Cn}.

Then, by (6.1.2), (Sn) is pointwise bounded a.e., and X∞ is cwk(E′s)-valued,
the w∗-closedness of X∞ follows easily from the fact that the restriction of
the weak* topology to bounded sets is metrizable. Moreover, v∞,p ∈ S1

X∞
and we have

lim
n→+∞ δ∗(xp, Sn(ω)) = lim

n

〈
xp,

1
n

n∑
i=1

vi,p

〉
= 〈

xp, v∞,p

〉 ≤ δ∗(xp, X∞(ω)) a.e.

On the other hand it easy to see that

δ∗(xp,X∞(ω)) ≤ lim
n→∞ δ∗(xp, Sn(ω)) a.e.

Whence we get

lim
n→∞ δ∗(xp, Sn(ω)) = δ∗(xp,X∞(ω)) a.e. (6.1.7)

We will use an argument in [10, Lemma 3.2]. We have

|δ∗(x, Sn)− δ∗(x,X∞)| ≤ max{δ∗(x − xp, Sn), δ
∗(xp − x, Sn)}

+|δ∗(xp, Sn)− δ∗(xp,X∞)|
+max{δ∗(x − xp,X∞), δ∗(xp − x,X∞)

for all x′ ∈ E′ and for all j . Now let x ∈ BE and ε > 0. There is xp ∈ D

such that ||x − xp|| ≤ ε. Then we have

|δ∗(x, Sn)−δ∗(x,X∞)| ≤ ε sup
n
|Sn|+|δ∗(xp, Sn)−δ∗(xp,X∞)|+ε |X∞|.

Thus, by (6.1.7) and the pointwise boundedness of (Sn), it follows

∀x ∈ E, lim
n→∞ δ∗(x, Sn(ω)) = δ∗(x,X∞(ω)) a.e. (6.1.8)
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By this equality, X∞ is scalarly measurable, and hence measurable, (see, e.g.,
Corollary 5.3, [12]). Furthermore, returning again to (6.1.2), we get

|X∞| ≤ lim inf
n→∞ |Sn| ≤ lim

n→∞
1
n

n∑
i=1

|X′i | dμ = ϕ,

hence
∫


|X∞| dμ < ∞.

Next, we claim that

lim
n

dE′
m∗ (x

′, Sn) = dE′
m∗ (x

′, X∞),

for all x′ ∈ E′ and almost all ω ∈ 
. Indeed, since the multifunctions Sn and
X∞ are cwk(E′s)-valued and p(x′) := dE′

m∗ (0, x′) is a m∗-continuous semi-
norm, we can invoke Theorem II.18 in [17], which, together with (6.1.8),
entail

lim inf
n

dE′
m∗ (x

′, Sn) = lim inf
n

sup
x∈U0

[〈x, x′〉 − δ∗(x, Sn)]

≥ sup
x∈U0

lim
n
[〈x, x′〉 − δ∗(x, Sn)]

= sup
x∈U0

[〈x, x′〉 − δ∗(x,X∞)]

= dE′
m∗ (x

′, X∞)

for every x′ ∈ E′ and for almost all ω ∈ 
, where U := {x′ ∈ E′ : p(x′)<1}
and U0 its polar. By definition of X∞ we have

lim sup
n

dE′
m∗ (x

′, Sn)) ≤ dE′
m∗ (x

′, X∞),

for every x′ ∈ E′ and for almost all ω ∈ 
. Hence

lim
n

dE′
m∗ (x

′, Sn)) = dE′
m∗ (x

′, X∞),

for every x′ ∈ E′ and for almost all ω ∈ 
.

Applying the results obtained above for the sequence (X′n) to any other
subsequence (Yn) of (X′n) gives X′∞ ∈ L1

cwk(E∗s )(μ) such that

∀x ∈ E, lim
n→∞ δ∗

(
x,

1
n

n∑
i=1

Yi(ω)

)
= δ∗

(
x,X′∞(ω)

)
a.e.

∀x′ ∈ E′, lim sup
n

dE′
m∗

(
x′, 1

n

n∑
i=1

Yi(ω)

)
= dE′

m∗
(
x′, X′∞

)
, a.e.
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Then returning to (6.1.3) and (6.1.8) we deduce that X∞ = X′∞, thus com-
pleting the proof of (2) and (3).
Step 3. Using (6.1.1), conclusion (2) and Lebegue–Vitali theorem, we get

∀k ≥ 1, ∀v ∈ L∞E (
,F , μ), lim
n→∞

∫
Dk

δ∗(v,
1
n

n∑
i=1

Yi)dμ=
∫
Dk

δ∗(v, X∞)dμ,

for every subsequence (Yn) of (X′n). This is equivalent to

∀k ≥ 1, ∀v ∈ L∞E (
,F, μ), lim
n→∞

∫
Dk

δ∗(v,X′i )dμ=
∫

Dk

δ∗(v,X∞)dμ,

thus proving (4).
Step 4. To prove (5) and (6) let us set

r1(ω) := |X∞|(ω)+ ϕ(ω)+ ‖e′m‖E′b and

r2(ω) := |X∞|(ω)+ 2‖τ(ω)‖E′b + ϕ(ω)+ ‖e′m‖E′b .
Since v∞,k ∈ S1

X∞ , it follows from (6.1.6) for � = 0 that

δ∗(xp,X∞(ω)) = 〈xp, v∞,j (ω)〉
≤ δ∗(xp,w∗ − cl

[∪q≥1w
∗-cl co[Qq(ω) ∪ {e′m}]

∩w∗-cl co
⋃

s∈S1
X∞

BE′(s(ω), ϕ(ω)+ ‖e′m‖E′b )
]
)

≤ δ∗
(
xp,w∗ − cl

[∪q≥1w
∗-cl co[Qq(ω) ∪ {e′m}] ∩ BE′(0, r1(ω))

])
,

for every p and for every m. Since the multifunction

ω ⇒ w∗ − cl[∪q≥1(w
∗-cl co[Qq(ω) ∪ {e′m}] ∩ BE′(0, r1(ω)))]]

is cwk(E′s)-valued, E′s is Suslin and its dual is equal to E, by virtue of
Proposition III-35 in [17], the preceding inequality entails

X∞(ω) ⊂ w∗ − cl
[∪q≥1w

∗-cl co[Qq(ω) ∪ {e′m}] ∩ BE′(0, r1(ω))
]

⊂ w∗ − cl (∪q≥1w
∗-cl co[Qq(ω) ∪ {e′m}]). (6.1.9)

Similarly, using again (6.1.6) but this time for � = 1, we obtain

X∞(ω)−τ(ω) ⊂ w∗− cl
[∪q≥1(w∗-cl co[Qq(ω)−τ(ω) ∪ {e′m}]∩BE′(0, r2(ω))

]
.

(6.1.10)
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Inclusion (5) is a consequence of (6.1.9). Indeed, it suffices to proceed as in
the Step 1 of the proof of Theorem 4.1, by using an argument in the proof of
Theorem 8 in [2]. Finally, to prove (6) take u ∈ S1

X∞ and note that (6.1.10)
entails

u(ω)−τ(ω) ∈ w∗−cl
[∪q≥1w

∗-cl co[Qq(ω)−τ(ω)∪{e′m}]∩BE′(0, r2(ω))
]
.

Since the sequence
(
w∗-cl co[Qq(ω) − τ ∪ {e′m}] ∩ BE′(0, r2(ω))

)
satisfies

all the conditions of Lemma 4.4, repeating exactly the same arguments as in
the Step 2 of the proof of Theorem 4.1, we deduce that

∫
A

u dμ ∈ w∗-cl
(∫

A

∪q≥1Q
′
q dμ

)
= w∗-cl

(∫
A

w∗- ls X′n dμ

)
,

which yields the desired inclusion (6). �

From Theorem 6.1 we derive the following Biting lemma in L1
cwk(E′s )

(μ).

We refer to [8, 9, 14] dealing with Biting lemma in L1
cwk(E)(μ).

Corollary 6.2. Suppose that E is a separable Banach space, (Xn) is a
bounded sequence in L1

cwk(E′s )
(μ). Then there exist a subsequence (X′n) of

(Xn) and X∞ ∈ L1
cwk(E′s )

(μ) such that the following hold:

(i) (X′n) weakly biting converges to X∞
(ii) X∞(ω) ⊂ w∗clco [w∗- ls X′n(ω)] a.e.

Our second main result presents a version of Theorem 5.3 for multifunc-
tions in the space G1

cwk(E′s )
(μ). The L1- lim sup-MT condition is replaced by

the L0 − lim sup and the scalar L1 − lim inf Mazur tightness conditions

Theorem 6.3. Let (Xn) be a sequence in G1
cwk(E′s )

(μ) satisfying the following
conditions:

(i) (Xn) is L0- lim sup-MT.
(ii) (Xn) is scalarly L1- lim inf-MT.

Then there exist a subsequence (X′n) of (Xn), X∞ ∈ G1
cwk(E′s )

(μ) and a se-
quence (Dk) in F with limk μ(Dk) = 1 such that the following hold:

(1) ∀k ∈ N, ∀n ≥ k, 1Ck
X′n ∈ L1

cwk(E′s )
(μ), 1Ck

X∞ ∈ L1
cwk(E′s )

(μ).

(2) (1Ck
|X′n|)n≥k is uniformly integrable in L1

R
(μ) for each k.

(3) (X′n) weakly Komlós converges to X∞.
(4) (X′n) dm∗ -Wijsman Komlós converges a.e. to X∞.
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(5)

∀k ≥ 1, ∀v ∈ L∞E (
,F , μ), lim
n→∞,n≥k

∫
Dk

δ∗(v, X′n)dμ =
∫
Dk

δ∗(v, X∞)dμ.

In particular,

∀x ∈ E, lim
n→∞

∫
Ck

δ∗(x,X′n)dμ =
∫

Ck

δ∗(x,X∞)dμ.

(6) X∞(ω) ⊂ w∗-cl co [w∗- ls X′n(ω)] a.e.
(7) If μ is nonatomic then ∀A ∈ F ,

(⊂1)
∫
A

1Dk
X∞ dμ ⊂ w∗-cl

(∫
A

1Dk
w∗-ls X′n dμ

)
.

(⊂2) G-
∫
A

X∞ dμ ⊂ w∗-cl (G-
∫
A

w∗-ls Xn dμ), provided that G-S1
w∗- ls Xn

�= ∅.

Proof. Reasoning as in the beginning of the proof of Theorem 5.3 by
using Proposition 3.6 and Theorem 6.1, we find a subsequence (X′n) of
(Xn), Xk∞ ∈ L1

cwk(E′s )
(μ) and an increasing sequence (Dk) in F with

limk μ(Dk) = 1 such that ∀k ∈ N,

(1Dk
|X′n|)n≥k is uniformly integrable in L1

E′ [E](μ).

(1Dk
X′n) weakly Komlós converges to Xk∞.

∀v ∈ L∞E (
,F, μ), lim
n→∞,n≥k

∫



δ∗(v, 1Dk
X′n(ω))dμ=

∫



δ∗(v,Xk∞)dμ.

Xk∞(ω) ⊂ w∗-cl co w∗- ls X′n(ω) a.e. on each Dk.

Furthermore, if μ is nonatomic, then

∀A ∈ F,

∫
A

Xk∞ dμ ⊂ w∗-cl
(∫

A

w∗-ls 1Dk
X′n dμ

)
.

Put
D′

1 := D1 and D′
k := Dk \Dk−1 for k > 1,

and

X∞ :=
k=∞∑
k=1

1D′
k
Xk∞.

Since 1
n

∑n
i=1 δ∗(x,X′i (ω)) converges to δ∗(x,Xk∞(ω)) for all x ∈ E and for

almost everywhere ω ∈ Dk and (Dk) ↑, it follows that

∀k,∀j ≤ k, δ∗(x,X
j∞(ω)) = δ∗(x,Xk∞(ω)),
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for all x ∈ E and for almost everywhere ω ∈ Dj . Hence

∀k,∀j ≤ k, X
j∞ = Xk∞ a.e. on Dj,

which yields
∀k, X∞ = Xk∞ a.e. on Dk.

Consequently we get

(X′n) weakly Komlós converges to X∞,

∀k ∈ N,∀v ∈ L∞E (
,F , μ), lim
n→∞,n≥k

∫
Dk

δ∗(v,X′n)dμ =
∫
Dk

δ∗(v,X∞)dμ,

X∞(ω) ⊂ w∗-cl co [w∗- ls X′n(ω)] a.e.

and, if μ is nonatomic, we have

∀A ∈ F,

∫
A

1Dk
X∞ dμ =

∫
A

1Dk
Xk∞ dμ =

∫
A∩Dk

Xk∞ dμ

⊂ w∗-cl (
∫

A∩Dk

w∗-ls 1Dk
X′n dμ) = w∗-cl (

∫
A

w∗-ls 1Dk
X′n dμ)

whence follow (1), (2), (3), (4), (5), (6) and (7)-(⊂1). Next, let us show that
X∞ is scalarly integrable. Fix x in E. By conditions (i), (ii) and Propo-
sition 3.5, the sequence (δ∗(x,X′n)) is L1- lim sup-MT. Applying Proposi-
tion 3.4, provides a function θx∞ ∈ L1

R+(μ), a subsequence of (X′n) still de-
noted (X′n) and a sequence (Bx

k ) in F with limk μ(Bx
k ) = 1 such that, for

every k ∈ N, the following holds:

∀A ∈ F, lim
n→∞

∫
A∩Bx

k

|δ∗(x,X′n)| dμ =
∫

A∩Bx
k

θx∞ dμ.

This equality, conclusion (3) and the classical Fatou lemma entail

∫
Bx

k

|δ∗(x,X∞)| dμ =
∫

Bx
k

lim
n→∞ |

1
n

n∑
i=1

δ∗(x,X′i )| dμ

≤
∫

Bx
k

lim inf
n→∞

1
n

n∑
i=1

|δ∗(x,X′i )|dμ

≤ lim inf
n→∞

1
n

n∑
i=1

∫
Bx

k

|δ∗(x,X′i )|dμ

= lim
n→∞

∫
Bx

k

|δ∗(x,X′n)| dμ =
∫

Bx
k

θx∞ dμ
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for all k ∈ N. Whence∫



|δ∗(x,X∞)| dμ = lim
k→∞

∫
Bx

k

|δ∗(x,X∞)| dμ

≤ lim
k→∞

∫
Bx

k

θx∞, dμ =
∫




θx∞, dμ < ∞,

which shows the desired integrability property.
Finally, let us show the second inclusion of (7). Let σ ∈ G-S1

w∗- ls Xn
,

then from inclusion (⊂1) we deduce

∀x∈E, G-
∫

A

1Dk
(X∞ − σ) dμ⊂w∗-cl

(
G-

∫
A

1Dk
(w∗-ls Xn − σ) dμ

)

⊂w∗-cl
(
G-

∫
A

w∗-ls Xn−σ dμ

)
, (6.3.1)

where the last inclusion follows the fact 0 ∈ w∗-ls Xn − σ a.e. Since
1Dk

X∞ ∈ L1
cwk(E′s )

(μ), for all k ∈ N, by Strassen formula (see again
Theorem V-14, [17]), it follows

∀k ∈ N,

∫
A

δ∗(x, 1Dk
(X∞ − σ)) dμ

=
∫

A

δ∗(x, 1Dk
X∞) dμ−

∫
A

〈x, 1Dk
σ 〉 dμ

= δ∗(x,

∫
A

1Dk
X∞ dμ)−

〈
x,

∫
A

1Dk
σ dμ

〉

= δ∗(x,G-
∫

A

1Dk
(X∞ − σ) dμ). (6.3.2)

From (6.3.1), (6.3.2) and the fact that μ(Dk) ↑ 1 it follows

∀x ∈ E, ∀A ∈ F, δ∗
(

x,G−
∫

A

X∞ − σ dμ

)

≤
∫

A

δ∗(x,X∞ − σ) dμ

= lim
k→∞

∫
A

δ∗(x, 1Dk
(X∞ − σ)) dμ

= lim
k→∞ δ∗(x,G-

∫
A

1Dk
(X∞ − σ)dμ)

≤ δ∗(x,w∗-cl (G-
∫

A

w∗-ls Xn − σ dμ)). (6.3.3)
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Moreover, by Proposition 5.2, the set w∗-cl (G-
∫
A

w∗-ls Xn dμ) is convex
w∗-closed and so is w∗-cl (G-

∫
A

w∗-ls Xn−σ dμ). Therefore (6.3.3) entails

G-
∫

A

X∞ − σ dμ ⊂ w∗-cl
(

G-
∫

A

w∗-ls Xn − σ dμ

)
.

Equivalently

G-
∫

A

X∞ dμ ⊂ w∗-cl
(

G-
∫

A

w∗-ls Xn dμ

)
,

which is the desired inclusion (⊂2). �

As a direct consequence of Theorem 6.3, Corollary 4.6 and Theorem 5.8
in [12] we have the following

Corollary 6.4. Let (Xn) be a sequence in G1
cwk(E′s )

(μ) satisfying the follow-
ing conditions:

(i) (Xn) is L0- lim sup-MT.
(ii) (Xn) is scalarly L1- lim inf -MT.

(iii) lim inf dE′b (0, Xn) ∈ L1
R
(μ).

Then there exist a multifunction X∞ ∈ G1
cwk(E′s )

(μ), a subsequence (X′n) of
(Xn) and a sequence (Dk) in F with limk μ(Dk) = 1 satisfying (1)–(6) of
Theorem 6.3, and if μ is nonatomic

(7′) ∀A ∈ F, G-
∫

A

X∞ dμ ⊂ w∗-cl
(∫

A

w∗-ls Xn dμ

)
.

The following is an application of the preceding result to weak compact-
ness in the space G1

cwk(E′s )
(μ)

Corollary 6.5. Let (Xn) be a sequence in G1
cwk(E′s )

(μ) satisfying the follow-
ing conditions:

(i) (Xn) is L0- lim sup-MT.
(ii) (δ∗(x,Xn)) is uniformly integrable.

Then there exist a subsequence (X′n) of (Xn) and X∞ ∈ G1
cwk(E∗s )(μ) such

that
∀A ∈ F , ∀x ∈ E,

lim
n→∞

∫
A

δ∗(x,X′n) dμ =
∫

A

δ∗(x,X∞) dμ

with X∞(ω) ⊂ w∗clco [w∗- ls X′n(ω)] a.e.
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We finish this section by providing the following Fatou lemma which
is a multivalued version of Corollary 5.5. Its proof is essentially based on
Theorem 5.3 and Proposition 3.5.

Proposition 6.6. Suppose that μ is nonatomic, E is a separable Banach
space and (Xn) in G1

cwk(E′s )
(μ) satisfying the following conditions:

(i) (Xn) is L0- lim sup-MT.
(ii) (Xn) is scalarly L1- lim inf -MT.

(iii) lim inf dE′b (0, Xn) ∈ L1
R
(μ).

Then the following inclusion holds

w∗- ls G-
∫




Xn dμ ⊂ w∗-cl
(∫




w∗- ls Xn dμ

)
− C∗,

where C is the cone of all x ∈ E for which (max[0, δ∗(−x,Xn)]) is uni-
formly integrable and C∗ is the polar cone of C.

Proof. Let b be an arbitrary element of w∗- ls G-
∫



Xn dμ. Then there ex-
ist a subsequence of (Xn) (not relabeled) and an associated sequence (fn)

of G1
E′ [E](μ)-selectors such that b = w∗- limn→∞

∫



fn dμ. By (i) the se-
quence (fn) is L0- lim sup-MT. Furthermore, by (i), (ii) and Proposition 3.6,
(Xn) is scalarly L1- lim sup-MT. Using the inequality

∀x ∈ E, |〈x, fn(ω)| ≤ |δ∗(x,Xn(ω)| + |δ∗(−x,Xn(ω)| a.e.,

and Proposition 3.5, we conclude that (fn) is scalarly L1- lim sup-MT. Con-
sequently, according to Theorem 5.3, we find f∞ ∈ G1

E′ [E](μ), a subse-
quence (gn) of (fn) and a sequence (Ck) in F with limk μ(Ck) = 1 such
that

∀k ∈ N, ∀x ∈ E, ∀A ∈ F lim
n→∞

∫
A∩Ck

〈x, gn〉dμ =
∫

A∩Ck

〈x, f∞〉dμ,

(6.6.1)

∀A ∈ F,

∫
A

1Ck
f∞ dμ ∈ w∗-cl

(∫
A

1Ck
w∗-ls gn dμ

)
. (6.6.2)

We claim that ∫
A

f∞ dμ ∈ w∗-cl
(∫

A

w∗-ls Xn dμ

)
. (6.6.3)

Indeed, since condition (iii) ensures that S1
w∗- ls Xn

is non empty, thanks to
Theorem 5.8 in [12], we can choose σ in ∈ S1

w∗- ls Xn
. Then from (6.6.2) and

the inclusion 0 ∈ w∗-ls Xn − σ a.e., it follows that
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∀x ∈ E,

∫
A

1Ck (f∞ − σ) dμ ∈ w∗-cl
(∫

A

1Ck
(w∗-ls gn − σ) dμ

)

⊂ w∗-cl
(∫

A

w∗-ls Xn − σ dμ

)
.

This inclusion and the same arguments used in the proof of Theorem 5.3 -
(∈2) prove our claim. On the other hand, let C′ be the cone of all x ∈ E

for which (max[0,−〈x, fn〉]) is uniformly integrable and C′ its polar cone.
Since, for each n ∈ N, gn is a selector of Xn, necessary C ⊂ C′. Using (6.6.1)
and reasoning as in the proof of Corollary 4.8 we deduce

b ∈
∫




f∞ dμ− C′ ⊂
∫




f∞ dμ− C∗. (6.6.4)

Combining (6.6.3)) and (6.6.4) gives

b ∈ w∗-cl
(∫

A

w∗-ls Xn dμ

)
− C∗.

�

7. Conditional expectation of weakly∗ closed convex
random sets in the dual

We finish our paper by providing the existence of conditional expectation of
w∗-closed random sets which led to Fatou lemma for conditional expectation
in the space L1

E′ [E](μ) and L1
cwk(E′s )

(μ).
In the following, B is a complete sub σ -algebra of F . For any subset H

in L1
E′ [E](B, μ), and for any v ∈ L∞E (B, μ) we set

δ∗(v,H) = sup
u∈H

〈v, u〉.

Definition 7.1. We shall say that � is a F-random (resp. B-random) closed
convex set in E′s , if the multifunction � : 
 ⇒ E′s is F (resp. B) measurable,
that is, the graph of � belongs to F × B(E′s) (resp. B × B(E′s)).

We begin to state the existence and uniqueness of conditional expectation
of an integrably bounded F-random closed convex set � in E′s (that is, |�| ∈
L1

R
(F )) .

Definition 7.2. A B-random closed convex set � in E′s is called conditional
expectation of � if:
(i) There is β ∈ L1

R+(B) such that �(ω) ⊂ β(ω)BE′ a.e.
(ii) ∀x ∈ E,∀B ∈ B,

∫
B

δ∗(x,�(ω))dμ(ω) = ∫
B

δ∗(x, �(ω))dμ(ω).
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Since E′s is Suslin and its dual is equal to E, by virtue of Theorem V.14
(ii) is equivalent to

∀B ∈ B,

∫
B

�(ω)dμ(ω) =
∫

B

�(ω)dμ(ω),

which is equivalent to

∀x ∈ E, δ∗(x,�(ω)) = EBδ∗(x, �(ω)) a.e.

here EBf denotes the usual conditional expectation of an integrable func-
tion f . We provide an existence and uniqueness result of conditional expec-
tation of an integrably bounded F-random closed convex set in E′s extending
Theorem VIII.34 in [17] because here the strong dual E′b of E is no longer
separable. This need a careful look involving a sequentially compactness re-
sult in [13, Corollary 6.5.10], and some other techniques.

Theorem 7.3. Under the foregoing hypotheses there exists a unique (for
equality a.e.) conditional expectation of �, �. Moreover � has the prop-
erties:

(a) �(ω) ⊂ EB(|�])(ω)BE′ a.e.
(b) The integral functionals

I� : v �→
∫



δ∗(v(ω),�(ω))dμ(ω) and I� : v �→
∫



δ∗(v(ω), �(ω))dμ(ω)

are continuous on the closed unit ball BL∞E (B) of L∞E (
,B, μ) endowed
with the topology of convergence in measure and coincide on the subset of
all simple functions v = ∑n

i=1 1Bi
xi , with the disjoint Bi ∈ B, xi ∈ E.

(c) S1
�(B) is sequentially σ(L1

E′ [E](B), L∞E (B)) compact (here S1
�(B)

denotes the set of all L1
E′ [E](
,B, μ) selections of �) and satisfies the

inclusion
EBS1

�(F) ⊂ S1
�(B).

(d) Furthermore one has

δ∗(v, EBS1
�(F) = δ∗(v,S1

�(B))

for all v ∈ L∞E (B).

Proof. Step 1 To prove the existence of � we apply Theorem V.17 in [17]
by recalling that E′s is a e.l.c Suslin space and E is its dual. Then we
take in this theorem �=L1

R
(
,B, μ) and �∗ = L∞

R
(
,B, μ). We put

M(f ) = ∫
f �dμ for f ∈ �∗. Since E′ = ∪nnBE′ , the mapping M mets

conditions (i)–(iv) of Theorem V.17 in [17]. So there exist a B-measurable



64 C. Castaing and M. Saadoune

convex σ(E′, E) compact valued, scalarly integrable multifunction � such
that, ∀f ∈ �∗,M(f ) = ∫

f �dμ. Taking f = 1B(B ∈ B), we obtain∫
B

�dμ = ∫
B

�dμ. The uniqueness follows easily as in the proof of The-
orem VIII.34 in [17]. Indeed, let �1 and �2 be two convex B-measurable
convex σ(E′, E) compact valued, scalarly integrable multifunction such that

∀f ∈ �∗, M(f ) =
∫

f �1dμ =
∫

f �2dμ.

By Strassen Theorem V.14 in [17], we have, for every x ∈ E, δ∗(x,�1(ω)) =
δ∗(x,�2(ω)) a.e. By Proposition III.35, we deduce that �1(ω) = �2(ω) a.e.

We will denote EB�=� the unique B-measurable convex σ(E′, E)

compact valued, scalarly integrable multifunction � which verifies

∀f ∈ �∗, M(f ) =
∫

f �dμ.

Taking f = 1B(B ∈ B), we obtain
∫

B

EB�dμ =
∫

B

�dμ.

Now we provide the properties of the conditional expectation EB�. It is wor-
thy to mention that, when �= u ∈ L1

E′ [E](F), then the EB of u, EBu, be-
longs to L1

E′ [E](B) and satisfies

∀f ∈ L∞
R

(
,B, μ),

∫
f u dμ =

∫
f EBu dμ.

Step 2 (a) For x ∈ E, one has

δ∗(x,�(ω)) = EB(δ∗(x, �(.))(ω) ≤ EB(||x||.|�|)(ω)

= ||x||EB(|�|)(ω) = EB(|�|)(ω)δ∗(x, BE′).

for a.e. ω ∈ 
. Again by [17, Proposition III.35], we have �(ω) ⊂
EB(|�|)(ω)BE′ .
(b) It is clear that the formula∫

δ∗(v(ω),�(ω))dμ(ω) =
∫

δ∗(v(ω), �(ω))dμ(ω)

holds if v = ∑n
i=1 1Bi

xi , with the disjoint Bi ∈ B, xi ∈ E. Now we claim
that the integral functionals

I� : v �→
∫



δ∗(v(ω),�(ω))dμ(ω) and I� : v �→
∫



δ∗(v(ω), �(ω))dμ(ω)
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are continuous on the closed unit ball BL∞E (B) of L∞E (
,B, μ) endowed with
the topology of convergence in measure. Indeed we have for v,w ∈ BL∞E (B)

the estimate
∣∣∣∣
∫




δ∗(v(ω),�(ω))dμ(ω)−
∫




δ∗(w(ω),�(ω))dμ(ω)

∣∣∣∣
≤

∫



|δ∗(v(ω),�(ω))− δ∗(w(ω),�(ω))|dμ(ω)

≤
∫




max(δ∗(v(ω)− w(ω),�(ω)), δ∗(w(ω)− v(ω),�(ω)))dμ(ω)

≤ 2
∫
||v(ω)− w(ω)||EB(|�|)(ω)dμ(ω)

and similarly
∣∣∣∣
∫

δ∗(v(ω), �(ω))dμ(ω)−
∫

δ∗(w(ω), �(ω))dμ(ω)

∣∣∣∣
≤

∫
|δ∗(v(ω), �(ω))− δ∗(w(ω), �(ω))|dμ(ω)

≤
∫




max(δ∗(v(ω)− w(ω), �(ω)), δ∗(w(ω)− v(ω), �(ω)))dμ(ω)

≤ 2
∫
||v(ω)− w(ω)||�|(ω)dμ(ω).

So (b) follows. If E is reflexive, one can see that I� and I� are Mackey con-
tinuous since the topology of convergence in measure on BL∞E (B) coincides
with the Mackey convergence τ(L∞E ,L1

E′).
(c) The sequential σ(L1

E′ [E](B), L∞E (B)) compactness of S1
�(B) follows

from Step 1 and Corollary 6.5.10 in [13]. Let u ∈ S1
�(F) and x ∈ E. Then

〈x,EBu〉 ≤ EB[(δ∗(x, �(.))] = δ∗(x,�(.)) a.e.

So again by [17, Proposition III.35], EBu ∈ S1
�(B) and hence

EBS1
�(F) ⊂ S1

�(B). (∗)

(d) By (∗), it is immediate that

δ∗(v, EBS1
�(F)) ≤ δ∗(v,S1

�(B))

for all v ∈ L∞E (B). Let us prove the converse inequality
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δ∗(v, EBS1
�(F)) ≥ δ∗(v,S1

�(B)). (∗∗)

Let v ∈ L∞E (B). Let u be a maximal F measurable selection of � associated
with v, that is

〈v(ω), u(ω)〉 = δ∗(v(ω), �(ω)), ∀ω ∈ 
.

See [17, Theorem III.22]. Then it is obvious that u ∈ L1
E′ [E](
,F, μ).

Furthermore, by applying the equality of conditional expectation given in
Step 2(b) ∫

〈v, u〉 dμ =
∫
〈v,EBu〉 dμ.

One has

δ∗(v, EBS1
�(F)) ≥ 〈v,EBu〉 =

∫
〈v,EBu〉 dμ

=
∫
〈v, u〉 dμ = 〈v, u〉 =

∫



δ∗(v(ω), �(ω)) dμ(ω)

=
∫




δ∗(v(ω),�(ω)) dμ(ω) (by (b) and approximation)

≥ 〈v, u1〉 for any u1 ∈ S1
�(B).

Finally
δ∗(v, EBS1

�(F)) = δ∗(v,S1
�(B)) (∗ ∗ ∗)

for all v ∈ L∞E (B). �

Remarks. When E is a reflexive separable Banach space and � ∈
L1

cwk(E′)(
,F, μ), then conditional expectation EB� of � belongs to
L1

cwk(E′)(
,B, μ) and satisfies

δ∗(v, EBS1
�(F)) = δ∗(v,S1

�(B))

for all v ∈ L∞E (B) so that

EBS1
�(F) = S1

�(B)

because EBS1
�(F) and S1

�(B) are convex σ(L1
E′(B), L∞E (B)) compact,

meanwhile the existence and uniqueness of EB met in Theorem 7.3 are un-
usual because the dual space is not strongly separable. See also [27] dealing
with CE of Random Sets in the dual of a separable Fréchet space via the
regular conditional probability.

To end the paper we provide the existence and uniqueness of condi-
tional expectation of a closed convex F random set in E′s in the line of
[17, Theorem VIII.35].



Convergences in a dual space with applications to Fatou lemma 67

Theorem 7.4. Let � be a closed convex F-random set in E′s which admits an
selection u0 ∈ L1

E′ [E](F). For every n and very ω, let

�n(ω) := �(ω)
⋂
n

(u0(ω)+ nBE′),

�(ω) = w∗cl
[⋃

n

EB(�n)(ω)

]
.

Then: (a) � which is a.e. convex, is a unique (for the equality a.e.) B closed
convex random set in E′s with

∀v ∈ L∞E (B),

∫



δ∗(v(ω),�(ω))dμ(ω) =
∫




δ∗(v(ω), �(ω))dμ(ω).

(b) � is the smallest (for inclusion a.e.) of the B closed convex random set �

such that
EBS1

�(F) ⊂ S1
�(B).

We shall denote EB� = � and says that � is the conditional expectation
of �.

Proof. The proof is the same as in [17, Theorem VIII.35], using Theorem 7.3,
the monotone convergence theorem and measurable projection theorem
which ensures the uniqueness. Here the measurability of � is ensured
thanks to Corollary 5.3 in [12]; at this point, let us mention that � ad-
mits a L1

E′ [E](F) selection iff d(0, �) is μ-integrable (see Lemma 5.6 in
[12]). �

The results obtained in this section led to Fatou lemma for conditional
expectation of weak-star random sets in a dual space.
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1. Introduction

The paper is an extended transcript of the first part of the Simon New-
comb lecture (under the same title) I gave in the John Hopkins University
in October 2007. The lecture was concentrated on mathematical aspects of
two well known problems of mathematical economics: price equilibrium for
Pareto optimal points in models of welfare economics and regularity (stability
of equilibrium prices under variations of the economy parameters) in models
of competitive economics, both for nonsmooth and nonconvex economies.
The two problems appeal to two, in a sense oppositely extreme, settings of
nonsmooth analysis. The first can be considered with extreme generality of
data, practically without any a priori restrictions, the second, on the con-
trary, needs “reasonable” degree of nonsmoothness to make meaningful re-
sults available.

We have pursued two goals when writing this paper. First is to try to de-
velop a coherent “abstract” theory of subdifferentials and then to look from
that perspective into the second theorem of welfare economics. Earlier pub-
lications, especially [5, 21, 28], also used an extremely general frameworks
to treat the subjects. But in these works, as well as in many other publica-
tions in variational analysis (see, e.g., [1, 2, 11, 17, 19, 26, 29]) the abstract
“axiomatic” approach was mainly applied to prove one or another specific
result in maximal possible generality. We here apply it as a gate to a general
theory of subdifferentials, partly due to the mere curiosity of how far we can
move without using any specific constructions. However the second theorem
of welfare economics has also somewhat benefited from that as the qualifica-
tion condition that has been eventually worked out is weaker and in a sense
more symmetric.

For the first time the techniques and language of variational analysis for
that purpose were probably used by and Khan and Vohra [25]. The equi-
librium prices that appear in their version of the theorem were elements of
Clarke’s normal cones at the Pareto optimum under assumptions (free dis-
posal and nonsatiation) that excluded any necessity in constraint qualifica-
tions at the optimal point. Shortly afterwards ([25] actually appeared in 1984
as a working paper) Cornet [10] extended their result to the “market clear”
setting and introduced a constraint qualification which served as a model
for further studies. In both cases the case of a finite dimensional commod-
ity space was considered.

We refer to [24] for a detailed discussion of these and earlier develop-
ments. Further studies along the lines set by the two mentioned works were
focused on generalizations of the mentioned results in three directions:

(a) Passage to models with infinitely dimensional commodity space
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(b) Using other (smaller than Clarke’s) subdifferentials, in particular
nonconvex-valued1 to get equilibrium prices better associated with the
problem2

(c) Modifying the qualification condition in order to make it less restrictive

Bonnisseau and Cornet [3] and Khan [23] considered models of wel-
fare economy with locally convex commodity spaces. In the first the de-
centralizing equilibrium prices were taken from Clarke’s normal cones to
the corresponding sets, in the second – from the approximate normal cones
(as the latter were originally defined).3 Shortly afterwards Joffre [21] and
Mordukhovich [28] observed that (in the Banach space setting) the theorem is
valid with any subdifferential/normal cone satisfying certain set of properties

1 Scepticism about suitability of Clarke’s generalized gradients and normal cones for
necessary optimality conditions in nonsmooth optimization can be traced back to the
very early stage of development of nonsmooth analysis. We mention in this connec-
tion Rockafellar’s result [31] showing, roughly speaking, that Clarke’s normal cone to
the graph of a Lipschitz mapping from IRn into IRm is the orthogonal complement to
the graph of the derivative of the restriction of the intersection of the maximal linear
manifolds along which the mapping is strictly differentiable at the given point. As far
as real-valued functions are concerned, it is an easy matter to construct an example in
which the limiting (Mordukhovich) or approximate subdifferential, on the one hand
and generalized gradient, on the other, can differ at a certain point. But it took some
time to understand the real relationship between the two. First Katriel [22] proved that
for a real valued Lipschitz function of one real variable they can differ at countably
many points at most and then D. Borwein, J. Borwein and Wang showed that (a) in
dimensions two and higher there are Lipschitz functions whose limiting and Clarke’s
subdifferentials differ almost everywhere [4] and (b) for a generic (in a suitable sense)
Lipschitz function the limiting and Clarke subdifferentials are identically equal [8].
The latter suggests that the passage from Clarke to approximate subdifferential gener-
ically may bring about little gain. The important point however is that with functions
and sets that are usually appear in “real” situations, a substantial gain is not a rare phe-
nomenon. At the same time, Clarke’s generalized gradient proves to be much more
efficient for studying real equilibria, which cannot be described in terms of minimiza-
tion (e.g., [13]). These topics will be discussed in more details in the second paper
devoted to regularity.
2 There is no chance of course that the existence of equilibrium prices in a nonsmooth
economy at a certain point is a guarantee that this point is a local Pareto optimum –
see, e.g., [13]; in fact this cannot be true unless the economy is convex.
3 The definition of the approximate subdifferential and normal cone in infinite dimen-
sions in its original form given in [14] leads to unnecessarily large objects in certain
cases. For that reason the definition was modified and only smaller versions of ap-
proximate normal cones was used in later publications: see, e.g., [19,20]. Later in this
paper we shall speak about that in greater details. It is worth noting, however, that the
result of [23] extends to the modified definition without any change.
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and proved “abstract” versions of the second welfare theorem. Another inno-
vation of these two works was connected with modifications4 of the Cornet
qualification condition (also used in [24] in a finite dimensional setting). We
shall discuss the last two developments in more details in § 3, 4.

The next and the longest section can be viewed as an introduction to a
“general theory of subdifferentials” based on the axiomatic approach. We be-
gin with a list of basic properties (an elaboration over the one in the original
publication by the author [17]) which, we believe, any reasonable subdif-
ferential must have (even though not all of them are used in one or another
publication, including this one, by the way), and actually all major subdif-
ferentials used in variational analysis do have. Then we introduce three key
properties (called tightness, robustness and trustworthiness on a space) which
a subdifferential may or may not have. The main part of the section is con-
cerned with the studies of possible consequences of various combinations
of these properties (including, of course those needed to prove our version of
the second theorem of welfare economics). The final results state that (a) all
tight robust subdifferentials trusted on a certain space coincide on the class
of locally Lipschitz functions defined on the space and (b) the approximate
G-subdifferential (whose definition we give at the end of the section – it is
actually trusted on every Banach space) is the only subdifferential which, in
addition to the three properties, possesses a certain “geometric consistency”
property (saying, roughly speaking, that the subdifferential of an l.s.c. func-
tion can be defined through the normal cone to its epigraph).

2. Subdifferentials: a general view

Emile Picard once noticed that the differential calculus would not have been
created if Newton had thought that continuous functions do not necessarily
have derivatives.

The idea that nondifferentiability should sometimes be taken into account
and explicitly dealt with is still very alien to many analysts. A popular ap-
proach when there is a need to work with something nonsmooth has been to
take a smooth ε-approximation, do whatever necessary and then pass to the
limit as ε → 0. A convincing illustration of the power of such an approach is
given by the degree theory and the famous proof of the Brouwer fixed-point
theorem. One of the first attempts to treat nondifferentiability in a systematic
way undertaken by Warga was based on this approach. There were a number
of good results obtained on this way. However nonuniqueness of resulting

4 Under different names but actually identical.
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objects and essentially finite dimensional character of all constructions deter-
mined rather limited applicability of that method.

The approach that eventually gained recognition of the optimization com-
munity has lead to creation of a “nonsmooth” calculus which in many re-
spects is modeled by the classical differential calculus and convex analysis
and contains both as specific cases. The latter is especially important, both
formally and “psychologically,” as it creates desirable contiguity of theories
and applications.

The concepts of nonsmooth subdifferential and subderivative and their
geometric counterparts (normal and tangent cone) play the principal role in
the calculus. The terminology underscores certain “one-sidedness,” which
indeed is in the center of the approach to analysis of nonsmooth objects.

There are several “good” subdifferentials at work in variational analy-
sis: proximal, Fréchet, Dini–Hadamard, their viscosity and limiting versions
and already mentioned Clarke’s generalized gradient, approximate subdiffer-
ential. Below is a list of essential properties shared by all of them. Taking
this properties as “axioms” we can develop a consistent and far reaching
theory which, though not yet presented in a unified way, does exist in a
fragmented form in many journal publications (see, e.g., already quoted
[1, 2, 5, 11, 17, 26, 28, 29]).

By a subdifferential we always mean a mapping which associates with
any extended real-valued function f on a Banach space X and any x ∈ X

a set ∂f (x) ⊂ X∗.5 It turns out that all mentioned and some others (e.g.,
“viscosity”) subdifferentials share the following eight properties:

– Substantiality
(P1) ∂f (x) = ∅ if x �∈ dom f = {x : |f (x)| < ∞}.

– Locality
(P2) If f and g coincide in a neighborhood of x, then ∂f (x) = ∂g(x).

– Contiguity
(P3) If f is continuously (or strictly) Fréchet differentiable at x, then
∂f (x) = {f ′(x)}.
(P4) If f is convex, then ∂f (x) coincides with the subdifferential of f in
the sense of convex analysis, that is ∂f (x) = {x∗ : 〈x∗, h〉 ≤ f (x+ h)−
f (x), ∀ h}.

– Existence
(P5) If f attains a local minimum at x, then 0 ∈ ∂f (x).

– Boundedness
(P6) If f is Lipschitz with constant K near x and x∗∈∂f (x), then
‖x∗‖ ≤ K .

5 In principle it is possible to extend the definitions of certain subdifferentials to a
broader class of locally convex spaces – see, e.g., [16, 23]. But it does not seem that
such an extension may attract substantial interest.
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– Calculability
(P7) If ϕ(x, y) = f (x)+ g(y), then ∂ϕ(x, y) ⊂ ∂f (x)+ ∂g(y).6

(P8) If λ > 0, A : X → Y is a bounded linear operator with Im
A = Y , x∗ ∈ X∗ and ϕ(x) = λf (Ax + y) + 〈x∗, x〉, then ∂ϕ(x) =
λA∗∂f (Ax + y)+ x∗.

– Order compatibility
(P9) If S ⊂ X is a closed set and f a lower semicontinuous function such
that f (x) = 0 on S and f (x) ≥ dS(x) for all x, then ∂dS(x) ⊂ ∂f (x) for
x ∈ S.7

The nine properties is a starting point for a long list of nontrivial calculus
rules.8 Below we prove several facts we specifically need in what follows
and a few facts of a general interest.
Let Q ⊂ X. Then δQ(x), the indicator of Q, is the function equal to zero
on Q and +∞ outside of Q.
The set

N(Q, x) = ∂δQ(x),

(which by (P1) can be nonempty only if x ∈ Q) is called the normal cone
to Q at x associated with ∂ .

Proposition 1. (a) N(Q, x) �= ∅ for every x ∈ Q. If x is an interior point of
Q, then N(Q, x) = {0}.

(b) For any x ∈ Q the cone cone ∂dS(x) = ∪r>0r∂dS(x) is a subset of
N(Q, x) and does not depend of the specific equivalent norm in X.

Proof. We have 0 ∈ N(Q, x) for every x ∈ Q by (P5). On the other hand,
if x ∈ int Q, we take a small ε > 0 such that B(x, ε) ⊂ Q. and let g(x)

be the indicator of the ball. This is a convex function and ∂g(x) = {0} by
(P4). Now (P2) implies (a). The first part of (b) follows from (P9) applied to
f = δS , the second also follows from (P9) applied to the distance functions
associated with equivalent norms. ��

Of course, it does not follow from the proposition that N(Q, x) contains
nonzero elements if x is a boundary point of Q. This is not the case even if

6 Actually for most of the known subdifferentials the equality holds; Clarke’s gener-
alized gradient seems to be the only exception.
7 This property was introduced by Penot [30] who called a subdifferential satisfying
the property quasi-homotone.
8 Most, if not all, publications with discussions of “abstract subdifferential” calculus
contain part of the listed above properties, usually only those needed for the proofs of
the results presented in the papers. Sometimes this is interpreted as an indication of
a greater generality of the results. Such interpretations can hardly be accepted as it is
difficult to imagine a workable concept of a subdifferential which would not have all
of the properties.
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Q is convex.9 A sufficient condition for that is given later in Proposition 5.
It is said that ∂ can be trusted on X, or is trustworthy on X, or that X is a

trustworthy space for ∂ if the following property holds:10

(P10) If f1 and f2 are lower semicontinuous with one of them being Lip-
schitz near x and f1 + f2 attains a local minimum at x, then for any ε > 0
there are x1, x2, x∗1 , x∗2 such that

‖xi − x‖ < ε, x∗i ∈ ∂fi(xi), and ‖x∗1 + x∗2‖ < ε.

Proposition 2. Let ∂ be a subdifferential trusted on X. (a) if f is a lower
semicontinuous extended-real-valued function on X, then ∂f (x) �= ∅ for all
x of a dense subset of dom f ; (b) if Q ⊂ X is a closed set and x ∈ Q is a
boundary point of Q, then for any ε > 0 there is a x ∈ Q with ‖x − x‖ < ε

such that N(Q, x) contains a nonzero element.

Proof. (a) Take an x ∈ dom f and an ε > 0. We may assume ε small enough
to guarantee for example that f (x) ≥ f (x) − 1 if ‖x − x‖ ≤ ε.
By Ekeland’s principle there is a w such that ‖w − x‖ ≤ ε/2, and
f (x) + (2/ε)‖x − w‖ attains a local minimum at w. By trustworthi-
ness there is an x such that ‖x − w‖ < ε/2, hence ‖x − x‖ < ε, and
∂f (x) �= ∅.

(b) As x is a boundary point of Q, we can find a w �∈Q such that
‖w − x‖ < ε2/2. By Ekeland’s principle there is a w ∈Q with
‖w − x‖ < ε/2 such that the function

g(x) = ‖w − x‖ + δQ(x)+ ε‖x − w‖
attains its minimum at w. By trustworthiness, there are x ∈ Q and u such
that ‖u−w‖ is strictly smaller that the distance from w to Q, ‖x−w‖ <

ε/2 and for some x∗ in the subdifferential of ‖w−·‖+ ε‖ ·−w‖ at u we
have x∗ ∈ N(Q, x)+εB. As u �= w, we conclude that ‖x∗‖ > 1−ε. ��
A subdifferential is called robust if
(P11)

⋂
ε>0

cl∗
( ⋃
‖u−x‖<ε

∂f (u)
) ⊂ ∂f (x),

provided f is Lipschitz near x.

9 Take for instance the Hilbert parallelepiped {x = (x1, x2, . . .) : |xn| ≤ n−1} in the
Hilbert space l2. Zero is a boundary point of this set but the normal cone to it at the
origin reduces to zero.
10 The concept of trustworthiness was first introduced in [15] in a somewhat differ-
ent form. It was further modified in [12] and in the final form was stated in [19, 20].
The definition here is equivalent as one can see from [32] (for viscosity subdifferen-
tials) and [18, 26] for the general case. In fact it is possible to assume that one of the
functions is convex continuous, not just Lipschitz.
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Proposition 3. Let ∂ be an robust subdifferential which is trusted on X. Then:

(a) if f is Lipschitz near x, then ∂f (x) is a weak∗ compact set.
(b) ∂f (x) �= ∅ whenever f is Lipschitz near x.
(c) if f1 and f2 are Lipschitz near x and f1+f2 attains a local minimum at x,

then 0 ∈ ∂f1(x)+ ∂f2(x).

Proof. To prove (a) we only need to observe that we actually have the equal-
ity in (P11).

We note further that (b) follows from (c) applied to the function f (·) +
K‖ · −x‖, where K is the Lipschitz constant of f . So let us prove (c). As
∂ is trusted on X, there is a sequence of quadruples (x1n, x2n, x

∗
1n, x

∗
2n) such

that xin → x, x∗in ∈ ∂fi(xin) and ‖x∗1n + x∗2n‖ → 0. By (P6) both (x∗1n) and
(x∗2n) are bounded sequences and if x∗ is a weak∗ limit point of one of them,
then −x∗ is a weak∗ limit point of the other. Now the result follows from
robustness of the subdifferential. ��

The two properties are not sufficient to make a meaningful theory as
they offer no information about the function that may come from the knowl-
edge that x∗ ∈ ∂f (x) (in particular to estimate, e.g., the subdifferential of
f1 + f2). To get a “real” calculus of subdifferential we need one more prop-
erty. Namely, we shall say that a subdifferential is tight if the following holds
whenever x∗ ∈ ∂f (x):

(P12) For any ε > 0 and any finite dimensional subspace E ⊂ X there is
a w such that ‖w−x‖ < ε and the function ϕ(h) = f (w+h)+ε‖h‖−〈x∗, h〉
attains a local minimum on E at zero.

As the first application of the tightness property we shall give sufficient
conditions for the existence of nonzero elements in the normal cone and in the
subdifferential of the distance functions to a set at a boundary point. Recall
that a set Q ∈ X is called compactly epi-Lipschitz11 near x ∈ clQ if there are

11 This concept was first introduced in [7]. For other characterizations and interrela-
tions of this concept with other compactness notions used in variational analysis see
[6,19]. In many applications the compact epi-Lipschitz property can be replaced by a
somewhat weaker property known as “sequential normal compactness” [28] (actually
compact epi-Lipschitzness is equivalent to a topological counterpart of the second
property if the approximate subdifferential is considered [20] and both coincide in
weakly compactly generated spaces). However the compact epi-Lipschitz property
has a definite advantage over normal compactness because it is a geometric property
of the set itself while normal compactness of the set should be verified for any specific
type of subdifferential or normal cone.
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ε > 0 and a norm compact set C ⊂ X such that

Q
⋂

(x + εB)+ tB ⊂ Q+ tC for t ∈ [0, ε) (1)

Proposition 4. Suppose that ∂ is a tight subdifferential and Q ⊂ X is com-
pactly epi-Lipschitz near a certain x ∈ clQ, that is that (1) holds for some
ε > 0 and compact C ⊂ X. Then

α = α(x∗) := sup
h∈C

〈x∗, h〉 ≥ ‖x∗‖

for any pair (x, x∗) such that x is sufficiently close to x and either x∗ ∈
∂d(·,Q)(x) or x ∈ Q and x∗ ∈ N(Q, x).

Proof. 12 So suppose (1) holds. The statement is trivial if x is an interior point
of Q. So let x be a boundary point. Then C must contain nonzero elements.
Set r = sup{‖h‖ : h ∈ C}.

We first consider the case of the distance function. Take next an (x, x∗)
such that ‖x − x‖ < ε and x∗ ∈ ∂d(·,Q)(x) and a small γ > 0 to be sure
that ‖x − x‖ + γ < ε.

Let e ∈ X be such that ‖e‖ = 1 and 〈x∗, e〉 ≥ (1 − γ )‖x∗‖. Let further
h1, . . . , hk be a γ -net in C and E = span {e, h1, . . . , hn}.

As ∂ is tight, we can find a u such that ‖u−x‖ < γ (so that d(x,Q) < ε)
and

d(u+ h,Q)− 〈x∗, h〉 + γ ‖h‖ ≥ d(u,Q) (2)

for all sufficiently small h ∈ E. Chose further for any small t > 0 (at least
such that d(u,Q)+ t (1+ r) < ε) an xt ∈ Q such that ‖u−xt‖ ≤ d(u,Q)+
o(t). We have ‖u − xt‖ < ε, so by (1) for any t we can find ut ∈ Q and
ht ∈ C such that

xt + te = ut + tht .

We have xt + t (e − ht ) ∈ Q, so

d(u+ t (e−ht ),Q) = d(u−xt+(xt+ t (e−ht ),Q)) ≤ d(u,Q)+o(t). (3)

Take an h′t ∈ E ∩ C such that ‖ht − h′t‖ < γ . We have by (2)

d(u+ t (e − h′t ),Q)− d(u,Q)− t〈x∗, e − h′t 〉 + t‖e − h′t‖ ≥ 0. (4)

12 The basic idea of the proof is the same as in the proof of Theorem 2 in [19]. In that
paper however the idea of the proof was somewhat obscured by techniques connected
with the unnecessarily strong assumption that ∂ is the approximate subdifferential.
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As |d(u+ t (e − h′t ),Q)− d(u+ t (e − ht ),Q)| < tγ , (3) and (4) imply

tγ + o(t)− t〈x∗, e − h′t 〉 + t (1+ r) ≥ 0,

so dividing by t and taking t → 0, we get

α(x∗) ≥ 〈x∗, e〉 − (2+ r)γ ≥ ‖x∗‖ − (3+ r)γ.

The result now follows as γ can be chosen arbitrarily small.
The proof for the normal cone is basically the same, even simpler. (2)

reduces in this case to
−〈x∗, h〉 + γ ‖h‖ ≥ 0

for all h ∈ E ∩ Q sufficiently close to zero. We further define ut ∈ Q and
ht ∈ C from x + te = ut + ht and get 〈x∗, ht 〉 ≥ (1 − γ )‖x∗‖ − γ (1 + r)

from which the desired inequality is easily obtained. ��
Proposition 5. Suppose that ∂ is a tight and robust subdifferential which is
trusted on X. Let Q be a closed subset of X. Then:

(a) If x is a boundary point of Q and Q is compactly epi-Lipschitz near x,
then ∂d(·,Q)(x), and hence N(Q, x), contains nonzero vectors.

(b) If f1 and f2 are Lipschitz near x, then ∂(f1+ f2)(x) ⊂ ∂f1(x)+ ∂f2(x).

Proof. (a) Assume that x �∈ Q. Take a small ε > 0, choose ũ ∈ Q such that
‖x − ũ‖ ≤ d(x,Q) + ε2 and consider the function ϕ(u) = ‖x − u‖ +
d(u,Q). Clearly inf ϕ = d(x,Q) and therefore ϕ(ũ) ≤ inf ϕ + ε2. By
Ekeland’s principle there is a u with ‖u−ũ‖ ≤ ε such that ϕ(u)+ε‖u−u‖
attains an absolute minimum at u. A reference to trustworthiness and (P4)
allows to conclude that there are a u∗ belonging to the subdifferential of
‖ · ‖ at a point close to x − u and a v close to u such that

0 ∈ u∗ + ∂d(·,Q)(v)+ εB

(with the level of closeness fully in our disposal). We observe that for ε

small enough we may be sure that x �= u and therefore ‖u∗‖ = 1.
Let us return to the proof of our statement. If x is a boundary point
of Q, then there is a sequence (xn) of vectors not belonging to Q and
converging to x. As we have just seen, we can associate with this se-
quence two other sequences: (vn) also converging to x and (u∗n) such
that u∗ ∈ ∂d(·,Q)(vn) and ‖u∗n‖ = 1. As Q is compactly epi-Lipschitz
near x, it follows from Proposition 4 that sup{〈u∗n, h〉 : h ∈ C} ≥ 1, that
is there are hn ∈ C such that 〈u∗n, hn〉 ≥ 1 for all n. Now if h is a limit
point of hn and u∗ is a weak∗-limit point of u∗n, then 〈u∗, h〉 ≥ 1, that is
u∗ �= 0 and u∗ ∈ ∂d(·,Q)(x) as ∂ is a robust subdifferential.
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(b) Let f1,f2 be Lipschitz near x with constant K, and let x∗∈∂(f1+f2)(x).
Then for any finite dimensional E and any ε > 0 we find a w such that

f1(u)+ f2(u)− 〈x∗, u− w〉 + ε‖u− w‖ + 2Kd(u− w,E)

attains a local minimum at w (tightness). As ∂ is trusted on X, there are
(ui, u

∗
i ), i = 1, 2 such that

‖ui − w‖ < ε, u∗i ∈ ∂fi(ui), x∗ ∈ u∗1 + u∗2 + εB + E⊥.

We have also ‖u∗i ‖≤K . Repeating the already standard limiting
arguments involving robustness of ∂ we conclude that x∗ ∈ ∂f1(x) +
∂f2(x). ��

Remarks. A problem which remains open is what can be said about subdif-
ferentials of the distance functions at points not belonging to the set?

Proposition 6. Let ∂ be a tight robust subdifferential which is trusted on X.
Let Q ⊂ X be a closed set, let x ∈ Q, and let the following regularity
property holds for Q near x:

(R) There is an r > 0 such that for any finite dimensional subspace
E′ ⊂ X there is a bigger finite dimensional subspace E such that for any
w ∈ Q sufficiently close to x

d(x,Q
⋂

(w + E)) ≤ r
(
d(x,Q)+ d(x,w + E)) (5)

for all x of a neighborhood of w.

Then
N(Q, x) ⊂

⋃
λ≥0

λ∂d(·,Q)(x),

that is for any x∗ ∈ N(Q, x) there is a λ > 0 such that x∗ ∈ λ∂d(·,Q)(x).
In fact, we can always find λ ≤ r(‖x∗‖ + 1).

Proof. Assume (R), and let x∗ ∈ N(Q, x). By tightness we can find a small
ε > 0 and a w ∈ Q arbitrarily close to x such that

−〈x∗, u− w〉 + ε‖u− w‖ ≥ 0

for any u ∈ Q ∩ (w+E). The function on the left is Lipschitz with constant
not greater that ‖x∗‖ + 1 (if ε < 1 which we always can assume), so setting
λ = r(‖x∗‖ + 1), we can be sure in view of (5) that
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λ(d(u,Q)+ d(u,w + E))+ ε‖u− w‖ − 〈x∗, u− w〉 ≥ 0

for all u of a neighborhood of w. By trustworthiness and (P4) in any neigh-
borhood of w we can find an x such that

x∗ ∈ λ∂d(·,Q)(x)+ εB + E⊥ ∩ (λB)

and we conclude in the standard way using robustness that x∗∈λ∂d(·,Q). ��
Proposition 7. If f is Lipschitz in a neighborhood of x, then epi f satisfies
(R) in a neighborhood of (x, f (x)).

Proof. Denote, as earlier, by L the Lipschitz constant of f in a neighborhood
of x. First we observe that whichever norm in X× IR has been chosen, there
are K ≥ k > 0 such that

k(L‖x‖ + |α|) ≤ ‖(x, α)‖ ≤ K(L‖x‖ + |α|). (6)

We have, if (x, α) is sufficiently close to (x, f (x)):

(f (x)− α)+ ≥ inf{L‖x − x′‖ + |α − α′| : (x′, α′) ∈ epi f }
= inf

x′
(L‖x − x′‖ + (f (x′)− α)+)

≥ inf
x′

(L‖x − x′‖ + (f (x)− α)+ − |f (x′)− f (x)|)
≥ (f (x)− α)+.

Let now E′ ⊂ X × IR, dim E′<∞. If {0} × IR ⊂ E′, set E = E′.
Otherwise set E = E′ ⊕ ({0} × IR). In either case E = D ⊕ IR for some
finite dimensional subspace D ⊂ X. We obviously have from (6)

kLd(x,D) ≤ d((x, α), E) ≤ KLd(x,D).

Furthermore if (u, β) are sufficiently close to (x, f (x)), then

d((x, α), epi f ∩ ((u, β)+ E))

= inf{‖(x, α)− (x′, α′)‖ : α′ ≥ f (x′), (x′, α′) ∈ (u, β)+ E}
≤ K inf{L‖x − x′‖ + |α − α′| : α′ ≥ f (x′), (x′, α′) ∈ (u, β)+ E}
= K inf{L‖x − x ′‖ + (f (x′)− α)+ : x′ ∈ u+D}
≤ K

[
(f (x)− α)+ + inf{L‖x − x′‖ + |f (x)− f (x′)| : x′ − u ∈ D}]

≤ K
[
(f (x)− α)+ + 2Ld(x − u,D)

]
≤ K

[
k−1d((x, α), epi f )+ 2Ld((x, α), (u, β)+ E)

]
and the proof is completed. ��

If we look back at Proposition 5 and the proof of Proposition 6, then
the last result may suggest that for a Lipschitz function on X tight robust
subdifferentials trusted on X should coincide. This is indeed the case and the
following proposition gives a direct proof of the fact.
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Proposition 8. Let ∂ be a tight robust subdifferential which is trusted on X.
Let f be a function on X which is Lipschitz continuous near x. Then x∗ ∈
∂f (x) if and only if for any ε > 0 and any finite dimensional subspace E of
X there are w and δ > 0 such that ‖w − x‖ < ε and

f (w + h)− f (w)− 〈x∗, h〉 + ε‖h‖ ≥ 0, ∀h ∈ E, ‖h‖<δ. (7)

Thus if ∂ ′ is another tight robust subdifferential which is trusted on X, then
∂f (x) = ∂ ′f (x).

Proof. The tightness property provides the proof in one direction. We there-
fore have to show that whenever for any ε > 0 and finite dimensional E ⊂ X

there are w with ‖w − x‖ < ε and δ > 0 such that (7) holds, we conclude
that x∗ ∈ ∂f (x). The proof of this implication is basically the same as the
proof of part (b) of Proposition 5. Indeed, it follows from (7) (as f is Lips-
chitz and ∂ is a trustworthy subdifferential) that, given ε and E, there is an x

with ‖x − x‖ < ε such that (for a sufficiently large K depending only on the
Lipschitz constant of f )

x∗ ∈ ∂f (x)+ E⊥ ∩ (KB)+ εB.

When ε → 0, we get using robustness that x∗ ∈ ∂f (x)+E⊥ ∩ (KB). From
here, taking into account that ∂f (x) is a weak∗-compact set (Proposition 2),
we conclude that x∗ ∈ ∂f (x). ��

Another consequence of Proposition 8 is

Proposition 9. Let ∂ be a tight robust subdifferential which is trusted on X×
IR, and let f be Lipschitz continuous in a neighborhood of x:

(a) If x∗ ∈ ∂f (x), then there is an r > 0 such that (x∗,−1) ∈ r∂d (·, epi f )

(x, f (x)).
(b) Suppose in addition that the norm in X × IR is defined by ‖(x, α)‖ =

L‖x‖ + |α|, were L is not smaller than the Lipschitz constant of f

in a neighborhood of x. Then the converse is true: if (x∗,−1) ∈
r∂d(·, epi f )(x, f (x)) for some r > 0, then x∗ ∈ ∂f (x).

(c) Thus
∂f (x) = {x∗ : (x∗,−1) ∈ N(epi f, (x, f (x))}.

Proof. (a) Let x∗ ∈ ∂f (x). Then, given ε > 0 and a finite dimensional
D ∈ X we can find a w ∈ dom f and δ > 0 such that ‖w − x‖ < ε and

f (w + h)− f (w)− 〈x∗, h〉 + ε‖h‖ ≥ 0, ∀ h ∈ D, ‖h‖ < δ.
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Taking a small ξ , we can rewrite the expression in the left side as

f (w + h)− f (w)− ξ − 〈(x∗,−1), (h, ξ)〉 + ε‖h‖.
As follows from the proof of Proposition 7, there is an r > 0 such that
rd((x, α), epi f ) ≥ (f (x) − α)+ if (x, α) is sufficiently close to (x, f (x)).
Thus we have

rd((w+h, f (w)+ξ), epi f ) ≥ (f (w+h)−f (w)−ξ)+ ≥ f (w+h)−f (w)−ξ.

Now let E be a finite dimensional subspace of X×IR, and D its projection
onto X. Comparing the last two inequalities, we conclude that, given ε > 0,
we can find a w in the ε-neighborhood of x such that

r[d((w, f (w))+ (h, ξ), epi f )− d((w, f (w)), epi f )] − 〈(x∗,−1), (h, ξ)〉
+ ε‖h‖ ≥ 0

whenever (h, ξ) ∈ E and the norm of (h, ξ) is sufficiently small. Applica-
tion of Proposition 8 (possible as ∂ is trusted on X × IR) gives (x∗,−1) ∈
r∂(·, epi f )((x, f (x)).

(b) Assume now that the last inclusion holds. Then by tightness, given
an ε > 0 and a finite dimensional D ∈ X we find (again using the proof of
Proposition 7) a (w, β) in the ε-neighborhood of (x, f (x)) such that

(f (w+h)−(β+ξ))+−(f (w)−β)+−〈(x∗,−1), (h, ξ)〉+ε(‖h‖+|ξ |) ≥ 0

for all h ∈ D with ‖h‖ and |ξ | sufficiently small. As a+ − b+ ≤ (a − b)+
for any real a and b, we get from here

(f (w + h)− (f (w)+ ξ))+ − 〈(x∗,−1), (h, ξ)〉 + ε(‖h‖ + |ξ |) ≥ 0

for the same h and ξ . Set ξ = f (w + h) − f (w). Then the last inequality
gives

f (w + h)− f (w)− 〈x∗, h〉 + ε(L+ 1)‖h‖ ≥ 0.

Again, an application of Proposition 8 proves the claim.
(c) The inclusion

∂f (x) ⊂ {x∗ : (x∗,−1) ∈ N(epi f, (x, f (x))}.
follows from (a) and Proposition 1(b). The opposite inclusion is a combina-
tion of (b) and Propositions 6 and 7. It has to be taken into account that the
definition of a subdifferential and normal cone does not involve a reference
to any specific norm in the space. ��



Variational analysis and mathematical economics 1 85

Thus, for Lipschitz functions we get a nice geometric characterization of
a tight robust subdifferential which is trusted on X × IR. We shall call a sub-
differential geometrically consistent on X if for any lower semi-continuous
function on X, not just Lipschitz, the relations x∗ ∈ ∂f (x) and (x∗,−1) ∈
N(epi f, (x, f (x)) are equivalent.

To state the final result of this section we have to recall the definition
of the approximate G-subdifferential. Given a function f , the lower Dini–
Hadamard directional derivative of f at x is

d−f (x;h) = lim inf
(u,t)→(h,+0)

t−1(f (x + tu)− f (x)),

and the Dini–Hadamard subdifferential of f at x is

∂−f (x) = {x∗ : 〈x∗, h〉 ≤ d−f (x;h), ∀ h}.
Let further E be a finite dimensional subspace of X and f |Q stand for the
restriction of f to Q (that is the function equal to f on Q and infinity out-
side of Q). Now, if f is Lipschitz near x with constant L, we define the
G-subdifferential of f at x by

∂f (x) =
⋂

E∈F

⋂
ε>0

cl∗
( ⋃
‖u−x‖<ε

∂−fu+E(u) ∩ B(0, L)
)
,

where F is the collection of finite dimensional subspaces of X.
Finally, if f is a lower semi-continuous function, we define the

G-subdifferential of f at x by

∂f (x) = {x∗ : (x∗,−1) ∈
⋃
λ≥0

λ∂d(·, epi f )(x, f (x))}.13

As well known the result does not depend on the choice of the norm in X×IR.
The G-subdifferential has all the three properties: it is trusted on every Ba-
nach space, tight and robust. It is also more or less clear from the definitions
that it is geometrically consistent. Thus Proposition 9 leads to

Theorem 10. Approximate G-subdifferential is the only tight robust sub-
differential which is trusted and geometrically consistent on every Banach
space.14

13 As we have already mentioned, this definition differs from the original definition
of [14] in which we defined the subdifferential as the weak∗-closure of the union on
the right. It turned out later that closure operation is not needed in the proofs and
moreover, it kills some good properties, e.g., the one analogous to the property (c) in
Proposition 9.
14 A parallel theory can be developed for sequentially robust subdifferentials which
however does impose some a priori restrictions to the choice of a Banach space. We
hope to consider it elsewhere.
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3. A scheme relevant to the second theorem of welfare
economics

We shall now turn to the question we need to answer in order to approach
the second theorem of welfare economics with the general concept of sub-
differential. Namely, given two closed sets Q1 and Q2 in a Banach space X

having at least one common point x, – when we can guarantee that the nor-
mal cones to the sets at x contain a common nonzero vector? An alternative
formulation is the existence of a common nonzero vector in ∂d(·,Q1)(x) and
∂d(·,Q1)(x). In the last case the a priori requirement that the sets are closed
is not essential. Actually, in the situation typical for models of welfare eco-
nomics, one of the sets may have a very special structure being the preimage
of a point (for a more general set as well) under a linear bounded mapping
onto a Banach space.

We shall prove two results which are closely connected although basically
independent. The first is a sort of a calculus rule for the distance functions,
while the second result, essentially answering the questions, is of the kind
that is usually interpreted as a “nonconvex separation property.”

Proposition 11. Let ∂ be a tight and robust subdifferential that can be trusted
on X. Let further Q1 and Q2 be closed subsets of X. Then for any xi ∈ Qi

we have

∂d(·,Q1 +Q2)(x1 + x2) ⊂ ∂d(·,Q1)(x1)
⋂

∂d(·,Q2)(x2).

Proof. Set for brevity x = x1 + x2, and let x∗ ∈ ∂d(·,Q1 +Q2)(x). Take a
finite dimensional subspace E ⊂ X. By tightness, for any ε > 0 there is a w

such that ‖w − x‖ < ε, and

d(w + h,Q1 +Q2)+ ε‖h‖ − 〈x∗, h〉 ≥ d(x,Q1 +Q2)

for all h ∈ E of a neighborhood of zero. As the function on the left is Lip-
schitz, with constant not exceeding 1+ ε, this amounts to

‖w + h− (u1 + u2)‖ + ε‖h‖ + (1+ ε)
(
d(h,E)+ d(u1,Q1)+ d(u2,Q2)

)
− 〈x∗, h〉 ≥ d(x,Q1 +Q2)

for all h of a neighborhood of zero, e.g., satisfying ‖h‖ < δ for some δ > 0
and all ui , i = 1, 2. (We may assume that δ ≤ ε.) Denote by g(h, u1, u2) the
function in the left-hand side of the inequality.

By Ekeland’s variational principle, there are h and ui∈Qi such that
‖h‖ <

√
ε, ‖ui − x‖ <

√
ε and the function

g(h, u1, u2)+√ε(‖h− h‖ + ‖u1 − u1‖ + ‖u2 − u2‖)
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attains local minimum at (h, u1, u2). As all terms of the latter function are
Lipschitz (and all but d(·,Qi) convex), we apply Proposition 5(b) and get as
a result that there is a u∗ ∈ x∗ + E⊥, ‖u∗‖ ≤ 1 such that

0 ∈ −u∗ + √εB + (1+ ε)∂d(·,Q1)(u1);
0 ∈ −u∗ + √εB + (1+ ε)∂d(·,Q2)(u2).

By robustness, the set U(E) of u∗ such that ‖u∗‖ ≤ 1, u∗ ∈ x∗ + E⊥
and u∗ ∈ ∂d(·,Q1)(x) ∩ ∂d(·,Q2)(x) is nonempty for any E, these sets
are weak∗ compact and do not increase with E. Therefore the intersection
of all these sets over all finite dimensional subspaces of X is nonempty. It is
also obvious that the only element in the intersection obtained this way may
be x∗. ��

This nicely looking proposition may not, however, be fully satisfactory.
Our ultimate goal is to find conditions which guarantee that ∂d(·,Qi)(xi)

have a common nonzero element. The proposition may guarantee this only if
x = x1 + x2 is a boundary point of the closure of Q1 +Q2. A more delicate
analysis allows to get it without a priori assuming the latter.

We say following [5] that two closed sets Q1 and Q2 are separable at
(x1, x2) ∈ Q1 ×Q2 if x = x1 + x2 is a boundary point of Q1 +Q2, that is
if Q1 +Q2 contains no neighborhood of x. The sets are locally separable at
(x1, x2) if there is a neighborhood of zero U ⊂ X such that Qi ∩ (xi + U)

are separable at (x1, x2).15

Theorem 12. (a) Assume that ∂ is trusted on X and Qi , i = 1, 2, are closed
subsets of X. Assume that Q1 and Q2 are locally separable at (x1, x2).
Then for any ε > 0 there are xi ∈ Qi and an x∗ such that ‖xi −xi‖ < ε,
‖x∗‖ = 1 and x∗ ∈ N(Qi, xi)+ εB.

(b) If, moreover, ∂ is a robust tight subdifferential and one of the sets Qi is
compactly epi-Lipschitz near xi , then ∂d(·,Q1)(x1)∩∂d(·,Q2)(x2) and
therefore N(Q1, x1) ∩N(Q2, x2) contain nonzero vectors.

The first statement is sometimes referred to as the “ε-separation theorem”
while the second as the “exact separation theorem.”

Proof. Set x = x1 + x2. We can assume without loss of generality that the
entire sets Qi are separable at (x1, x2). Take an ε > 0 and let x �∈ Q1 +Q2
be such that ‖x − x‖ < ε2. Consider the function ϕ(x1, x2) = ‖x − x1− x2‖
on the set Q1×Q2. This is a complete metric space in the induced metric, so

15 This property introduced probably in [5] is closely connected with x1 being an
extremal point of Q1 and x−Q2 in the sense of [27,29] – see [9]. We use separability
because it is a weaker property and in terms of separability the formulation of Pareto
optimality properties in welfare economics is a bit more convenient.
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by Ekeland’s variational principle there are ui ∈ Qi such that ‖ui − xi‖ < ε

and

ψ(x1, x2) = ϕ(x1, x2)+ε(‖x1−u1‖+‖x2−u2‖) ≥ ϕ(u1, u2), ∀ xi ∈ Qi.

This amounts to saying that the function

g(x1, x2) = δQ1(x1)+ δQ2(x2)+ ψ(x1, x2)

attains an unconditional minimum at (u1, u2).
As ui ∈ Qi , we have ρ = ψ(u1, u2) = ‖x − u1 − u2‖ > 0. By

trustworthiness, we can find (x1, x2) with ‖xi − ui‖< ε and (w1, w2) with
‖wi − ui‖ < ρ/2 such that

(0, 0) ∈ N(Q1)(x1)×N(Q2, x2)− (x∗, x)+ ε(B × B),

where x∗ belongs to the subdifferential of the norm at x − w1 − w2. As this
vector is not equal to zero, we have ‖x∗‖ = 1. This completes the proof of
the first statement.

The simplest way to prove (b) is just to refer to [5] with a reference to
the property in third part of Proposition 3 (which was used in [5] as one of
axioms of subdifferentials).16

Remark. It is appropriate to compare here Theorem 12 with the correspond-
ing results of [5,21,28] (also [29]). Using the property of Proposition 3(c) as
an axiom as in [5, 21] exclude nonrobust subdifferentials (as say Fréchet or
Dini–Hadamard) from consideration. In [28] the part of the exact statement
involving distance functions is absent (and it is not clear whether it is ob-
tainable within the axiomatics of [28]) while the part involving normal cones
gives a rougher estimate. The reason is that, contrary to earlier publications
related to the abstract approach, normal cones, rather than subdifferentials,
were chosen in [28] as original objects. As a result the cones that appear in
the exact statement of [28] are necessarily weak∗-closed. Thus, in the case of
a “subdifferentially generated normal structure” the cones that appear in [28]
are weak∗ closures of the cones that appear in the part (b) of Theorem 12.

We next consider a more special scheme which includes a set Q ⊂ X,
not assumed to be closed, a bounded linear operator A from X onto another
Banach space Y and a point y ∈ Y . We shall be interested in conditions that
guarantee local separation of clQ and A−1(y) at a certain x which belongs
to both clQ and A−1(y). An important simplifying assumption is that Q ∩
A−1(y) = ∅.

16 It is not clear whether under the assumptions of part (a) of the Theorem we can
replace normal cones by the subdifferentials of the distance functions.
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By Theorem 12 the only condition we need to prove the ε-separation
theorem in this case is that 2x is a boundary point of clQ + A−1(y). This is
obviously the same as x being a boundary point of clQ+ Ker A.

Proposition 13. A sufficient condition for x to be a boundary point of clQ+
Ker A is that there is a sequence (vk) ⊂ Y converging to zero such that for
all k.

vk + A(clQ) ⊂ A(Q). (∗)
Proof. Indeed, in this case y − vk �∈ A(clQ) for otherwise we would have
y ∈ A(Q), that is Q ∩ A−1(y) �= ∅ contrary to the simplifying assumption.
As A is onto, there is a sequence (un) ⊂ X such that Aun = vn and ‖uk‖ ≤
K‖vn‖ → 0 for some sufficiently large K . Then x − vn �∈ clQ + Ker A for
otherwise we would have y − vn ∈ A(clQ). ��

We also observe that since A is onto (and by (P4)) the normal cone to
Ker A at zero is the annihilator of Ker A. Combining now the proposition
with Theorem 12, we get

Proposition 14. Consider a set Q ⊂ X and a linear bounded mapping A

from X onto another Banach space Y . We assume that x ∈ clQ is such that
y = Ax �∈ A(Q) and the qualification condition (∗) holds:

(a) If ∂ is a subdifferential trusted on X, then for any ε > 0 there are x ∈ Q

with ‖x − x‖ < ε and a nonzero x∗ ∈ N(clQ, x) ∩ (Ker A)⊥ + εB.
(b) If in addition ∂ is a robust subdifferential and clQ is compactly epi-

Lipschitz near x, then both ∂d(·,Q)(x) and N(clQ, x) contain nonzero
vectors belonging to (Ker A)⊥.

Remark 1. As by (P2) the value of any subdifferential at a point is determined
by the restriction of the function to arbitrarily small neighborhood of
the point, we can replace in (∗) and all our argument afterwards clQ by
(clQ)

⋂
(x + εB).

2. Both assumptions, that A(clQ) is compactly epi-Lipschitz and (∗) say
that Q must be sufficiently massive. In particular both are satisfied if
A(clQ) is epi-Lipschitz (that is if the set C in the definition of compact
epi-Lipschitzness is a singleton).17

4. The second theorem of welfare economics

The standard model of welfare economics (we do not include public goods
for simplicity) contains:
17 In fact the assumption that the preference set is epi-Lipschitz was used as a quali-
fication condition in the proof of a second welfare theorem in [3].
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• A space of commodities X (which we assume Banach)
• n consumers with consumer sets Xi ⊂ X and preference (set-valued)

maps Pi(x) from Xi into itself
• m producers with production sets Yj ⊂ X

• Vector w ∈ X of aggregate endowment

We assume that clPi(x) ⊂ Xi and x ∈ (clPi(x))\Pi(x) for every x ∈ Xi for
which Pi(x) �= ∅.18

An allocation is an element of Xn+m. An allocation ξ = (x1, . . . , xn,

y1, . . . , ym) is feasible if xi ∈ Xi for every consumer, yj ∈ Yj for all j =
1, . . . , m and

n∑
i=1

xi −
m∑

j=1

yj = w. (8)

A feasible allocation ξ̄ = (x1, . . . , xn, y1, . . . , ym) is Pareto optimal if
for any other feasible allocation ξ either xi �∈ P(xi) for all i or xi �∈ clPi(xi)

for some i. If for any other feasible allocation xi �∈ P(xi) for some i, then it
is said that ξ̄ is a weak Pareto optimum.

Given a subdifferential ∂ , we can define a price equilibrium as a pair
(ξ̄ , p) such that ξ̄ is a feasible allocation, 0 �= p ∈ X∗ and the following two
relations hold:

−p ∈ N(clPi(xi), xi), i = 1, . . . , n;

p ∈ N(clYj , ȳj ), j = 1, . . . , m.

It is also possible to consider an ε-price equilibrium as a pair (ξ̄ , p), where
as above, ξ̄ is a feasible allocation and p �= 0, such that the inclusions

−p ∈ N(clPi(x̄i), xi)+ εB, i = 1, . . . , n;

p ∈ N(clYj , yj )+ εB, j = 1, . . . , m,

hold for some xi∈clPi(xi), yj∈clYj such that ‖xi − xi‖<ε, ‖yj − yj‖< ε.
All versions of the second theorem of welfare economics give conditions
which guarantee that Pareto optimality in one or another sense imply the
existence of equilibrium prices.

We can get such conditions for our model as Pareto efficiency can be
easily reduced to the scheme of the previous section. Indeed, let Z be the
product of n+m copies of X. Fix a feasible allocation ξ̄ and set

18 Nothing will change in the argument to follow if we assume that preferences of
each consumer depend on the choices of the others. In other words we can assume
that Pi is a mapping from X1×· · ·×Xn into Xi . The assumption in this case assumes
the form xi ∈ clPi(x1, . . . , xn)\P(x1, . . . , xn).
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Pi = clP1(x1)×· · ·×clPi−1(xi−1)×Pi(xi)×clPi+1(xi+1)×· · ·×clPn(xn),

Q =
( n⋃

i=1

Pi

)
×

m∏
j=1

Yj .

Then ξ̄ is Pareto optimal if and only if Q does not meet the set of allocations
ξ = (x1, . . . , xn, y1, . . . , ym) satisfying (8).

Likewise, if we set

P̃ = P1(x1)× · · · × Pn(xn),

Q̃ = P̃ ×
m∏

j=1

Yj ,

then ξ̄ is weakly Pareto optimal if and only if Q̃ does not meet the set of
allocations ξ = (x1, . . . , xn, y1, . . . , ym) satisfying (8).

Set

Aξ =
n∑

i=1

xi −
m∑

j=1

yj .

Than A is a linear bounded operator from Z into X which is obviously onto
and the set of allocations satisfying (8) is precisely A−1(w). We have

clQ = clQ̃ =
( m∏

i=1

clPi(xi)
)
×

( m∏
j=1

clYj

)
(9)

so ξ̄ ∈ clQ and, on the other hand, no allocation satisfying Aξ = w can be-
long to either Q or Q̃. This is precisely the case considered in the concluding
part the previous section.

Taking into account the first remark at the end of the previous section, we
can restate condition (∗) as follows: there are ε > 0 and uk → 0 (uk ∈ X)
such that

uk +
∑

i

(clPi(xi))
⋂

(xi + εB)−
∑
J

clYj

⋂
(yj + εB)

⊂
⋃
k

(Pk(xk)+
∑
i �=k

clPi(xi))−
∑
j

Yj

(∗∗)

in case of Pareto optimality, or such that

uk+
∑

i

(clPi(xi))
⋂

(xi+εB)−
∑
J

clYj

⋂
(yj+εB) ⊂

∑
i

Pi(xi)−
∑
j

Yj

(∗̃∗)
in case of weak Pareto optimality.



92 A.D. Ioffe

The final observations we have to do are:

(a) As A is onto, the annihilator of Ker A coincides with Im A∗ which is
the collection of vectors η = (x∗, . . . , x∗,−x∗, . . . ,−x∗) (first n com-
ponents with plus and the last m components with minus) when x∗ runs
through X∗.

(b) Taking into account the product structure of Q, we can easily see that η ∈
N(clQ, ξ) is the same as x∗ ∈ N(clPi(xi), xi) and −x∗ ∈ N(clYj , yj )

for all i and j , so setting p = −x∗, we get the desired inclusions.
Thus, we can conclude by stating the following theorem.

Theorem 15. If ξ̄ is Pareto (resp. weak Pareto) optimal and the qualification
condition (∗∗) (resp. (∗̃∗)) holds, then for any ε > 0 there is a p �= 0 such that
(ξ̄ , p) is an ε-price equilibrium with prices associated with a subdifferential
trusted on Xn+m.

If, moreover, one of the sets clPi(xi) is compactly epi-Lipschitz at xi or
one of the sets clYj is compactly epi-Lipschitz at yj and the prices are taken
from normal cones associated with a tight and robust subdifferential trusted
on Xn+m, then there is a nonzero p ∈ X∗ such that (ξ̄ , p) is a price equilib-
rium.

Proof. In view of the second observation above, the first statement is an
immediate consequence of Proposition 14(a). We cannot directly apply
Proposition 14 to justify the second part of the theorem (because the set
clQ in (10) need not be compactly epi-Lipschitz under the assumptions).
However clQ is a product of several sets one of which is compactly epi-
Lipschitz and we have the same vectors in normal cones to each of the sets.
So the limiting process similar to that used, e.g., in the proof of Proposition 5
applied to the compactly epi-Lipschitz component set in leads to the desired
result. ��
Remark. In addition to the differences with [21,28] discussed in the previous
section, the qualification condition (∗∗) differs from that in [21, 28] where it
was assumed that for some k and un → 0

un +
∑

i

(clPi(xi))
⋂

(xi + εB)−
∑
J

clYj

⋂
(yj + εB)

⊂ Pk(xk)+
∑
i �=k

clPi(xi))−
∑
j

Yj . (10)

We emphasize that (∗∗) not just more symmetric than (10) but actually
weaker as is seen from the following simple example.
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Example. Let X = IR2,

P1={a = (α1, α2) : α1α2 = 0 & either α1 ≥ 0 or 0 < α2 �= 2−k,

k = 1, 2, . . .},

P2={a = (α1, α2) : α1α2 = 0 & either α1 ≤ 0 or 0 < α2 �= 2−k,

k = 1, 2, . . .}.
Then

clP1 + clP2 = {a = (α1, α2) : α2 ≥ 0};

clP1+P2 = (clP1+clP2) \ {a=(α1, α2) :α1 > 0, α2 = 2−k, k = 1, 2, . . .};

P1+ clP2 = (clP1+clP2) \ {a=(α1, α2) :α1 < 0, α2 = 2−k, k = 1, 2, . . .}.
Thus a + clP1 + clP2 �⊂ Pi + clP3−i for any a ∈ IR2 and either i = 1 or
i = 2 but

(0, β)+ clP1 + clP2 ⊂ (P1 + clP2)
⋃

(clP1 + P2)

whenever β > 0.
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1. Introduction

This paper is concerned with the existence of smooth feasible solutions to
dual Monge–Kantorovich problem with given marginal difference on some
particular subsets X in IRn. We develop a method that enables us to derive
smooth solutions from Lebesgue measurable ones. This method was already
used in [35–37] in connection with some problems of best approximation
theory and of utility theory. In the present paper, we consider it in general
setting and give further applications.1

Let X be a separable metrizable topological space. Given a cost function
c : X × X → IR ∪ {+∞} and two positive finite Borel measures σ1 and σ2
on X with σ1X = σ2X, the Monge–Kantorovich mass transportation prob-
lem (MKP) with a cost function c and a marginal difference ρ = σ1 − σ2 is
to minimize the functional

c(μ) :=
∫

X×X

c(x, y) μ(d(x, y))

over the set of positive Borel measures μ on X×X satisfying π1μ− π2μ =
σ1 − σ2 where π1μ and π2μ are the marginals of μ: for every Borel set
B ⊂ X, π1μ(B) = μ(B × X), π2μ(B) = μ(X × B). It is an infinite linear
program, and the dual problem is to maximize the functional

ρ(u) :=
∫

X

u(x) ρ(dx)

over the constraint set Q(c) of bounded continuous functions u : X → IR
satisfying

u(x)− u(y) ≤ c(x, y) (1)

for all x, y ∈ X. Every u ∈ Q(c) may be considered thus as a feasible
solution to this dual linear program.

For the first time, MKP was posed by Kantorovich, who studied duality
of two problems in the case that (X, d) is a metric compact space and c = d;
see [11–15]. In that case, Q(c) is the set Lip1(X, d) of Lipschitz continuous
functions on (X, d) with the Lipschitz constant L ≤ 1, and the above-posed
mass transportation problem is equivalent to a different variant of MKP, with
given marginals [14, 15]. The latter consists in minimizing c(μ) subject to
π1μ = σ1, π2μ = σ2, and it is a relaxation of the Monge “excavation and
embankments” problem [42].

Duality for both variants of MKP with arbitrary continuous cost functions
on (not necessarily metrizable) compact topological spaces is studied since

1 Some results of this paper are announced without proofs in [38].
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1974; see [17,18,20].2 Notice that the term itself, Monge–Kantorovich prob-
lem, has appeared in 1970s (see [17, 46]) in connection with both variants of
MKP.3 In [22,25,26,31,39],4 more general (topological and non-topological)
spaces X were considered and duality theory for both variants of MKP with
a general (discontinuous) cost function was developed.

In this paper, we don’t deal with the Monge–Kantorovich duality as such.
Properties of the dual constraint set Q(c) and especially conditions for it
to be non-empty is the only thing that will be needed to us. Also we will
consider the set Q0(c) of all functions u : X → IR satisfying (1) and the
set Q(c;L∞(X)) of bounded Lebesgue measurable functions satisfying (1).5

Properties of these and similar sets and conditions for them to be non-empty
were studied earlier in connection with various generalizations and applica-
tions of MKP (see [23, 26–29, 32, 33, 35, 36]).

An important role in study of such sets is played by reduced cost functions
[19,20,39]. Given a cost function c : X×X → IR∪ {+∞}, the reduced cost
function c∗ is defined as follows:

c∗(x, y) := min

(
c(x, y), inf

m
inf

x1,...,xm

m+1∑
i=1

c(xi−1, xi)

)
, (2)

where x0 = x, xm+1 = y. Clearly, it turns into

c∗(x, y) : = inf
m

inf

{
m+1∑
i=1

c(xi−1, xi) : xi ∈ X, x0 = x, xm+1 = y

}

= lim
m→∞ inf

{
m+1∑
i=1

c(xi−1, xi) : xi ∈ X, x0 = x, xm+1 = y

}

(3)

when c vanishes on the diagonal: c(x, x) = 0 ∀x ∈ X. Clearly, c∗ ≤ c and
c∗ satisfies the triangle inequality: for every x, y, z ∈ X,

c∗(x, y)+ c∗(y, z) ≥ c∗(x, z)

2 In general case, two variants of MKP, with a given marginal difference and with
given marginals, are not equivalent.
3 For the first time, this word combination as a title of a paper has appeared in [19, 20].
4 Also see [44, Chap. 4] where some results of [22, 23, 25, 26, 39] are presented.
5 Here, L∞(X) stands for the Banach space of bounded Lebesgue measurable
functions (Lebesgue equivalent functions are not identified) with the uniform norm
‖u‖L∞(X) = supx∈X |u(x)|. The classical Lebesgue space L∞(X) is naturally iso-
metric to its factor-space: L∞(X) = L∞(X)/N0 where N0 is a subspace in L∞(X)

consisting of Lebesgue negligible functions.
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(we assume, by definition, that +∞+ (−∞) = +∞). Also, it follows from
the above definition that: (1) Q(c) = Q(c∗), (2) if c∗ is bounded continu-
ous and vanishes on the diagonal then Q(c) is non-empty and c∗(x, y) =
supu∈Q(c)(u(x)− u(y)). Similar facts hold for Q0(c) and Q(c;L∞(X)); see
[35, 36] for details.

The paper consists of five sections. In §2 we suppose that X ⊂ IRn

is closed or open and stable with respect to shifts in positive directions
(i.e. x ∈ X, z ∈ IRn+ ⇒ x + z ∈ X). We prove a theorem on the exis-
tence of smooth functions in Q(c) for some particular class of cost functions
c. The rest of the paper is devoted to applications of this existence theorem
in approximation theory and in utility theory.

In §3, we deal with the following best approximation problem [35, 36].
Given a function f ∈ Cb(X ×X), one has to approximate it by functions hu

from the subspace

H = {hu(x, y) = u(x)− u(y) : u ∈ Cb(X)} ⊂ Cb(X ×X),

where Cb stands for the Banach space of bounded continuous real-valued
functions on the corresponding topological space. The optimal value of this
problem is thus

m(f ;H) := inf
hu∈H

‖f − hu‖ = inf
u∈Cb(X)

sup
x,y∈X

|f (x, y)− u(x)+ u(y)|,

and u proves to be an exact solution to the problem if and only if u ∈ Q(ϕ)

where ϕ = min(f (x, y),−f (y, x))+m(f ;h) [36, Lemma 1]. Basing on this
fact, along with relation Q(ϕ;L∞(X)) �= ∅ (see [36, Lemma 2]), and ap-
plying the theorem of §2, we generalize our previous results [36, Theorems 3
and 4] on the existence of smooth exact solutions to the best approximation
problem.

§4 is devoted to several aspects of utility theory. Given a separable metric
space (X, d), by a preference on it we mean any binary relation (in general,
neither transitivity nor reflexivity of  is required). According with the De-
breu theorem [5, 6], any closed total preorder  is generated by a continuous
utility function. In [21, 23, 24] the existence of continuous utility functions
was established for several classes of closed non-total preorders. More gen-
eral (non-total and non-transitive) preferences that admit d-Lipschitz contin-
uous utility functions were completely characterized in [28] in terms of some
strengthened acyclicity assumption. In §4.1 we obtain further results in that
direction including a jointly Lipschitz continuous utility theorem for a vary-
ing preference  ω depending on a parameter ω.

In §4.2, we deal with preferences on subsets of IRn. Conditions for the
existence of a smooth utility function based on manifold theory may be found
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in [41]6 in the case that X is open in IRn while  is a locally non-satiated
closed total preorder. In [37] we have proved the existence of smooth utility
functions for a class of closed (non-total) preorders on subsets X ⊂ IRn that
are stable with respect to shifts in positive directions. This class of preorders
is given by the condition that adding one and the same positive vector to each
of two comparable alternatives cannot affect the preference relation between
them. For X = IRn a close class of total preorders was considered earlier in
connection with social choice problems; see [9, 43] and references therein.
Also, in [37] we have proved the existence of universal smooth utilities for
preferences depending on a parameter. Basing on the existence theorem from
§2, we now extend the approach of [37] to a broader class of preferences and
prove the existence of smooth utility functions (and smooth joint utilities) u

satisfying ‖∇u(x)‖ ≤ 1, x ∈ X.
In §4.3, we deal with rationalizable choice functions. Suppose that M

is a family of non-empty subsets in a separable metric space (X, d), and
in each M ∈ M a certain subset γ (M) ⊂ M is chosen. The problem is
to find conditions on a choice function γ that ensure the existence of utility
function u : X → IR that has nice properties (such as continuity, smoothness,
monotonicity, concavity and so on) and rationalizes the choice:

γ (M) = {x ∈ M : u(x) = max
y∈M

u(y)}, M ∈M.

Originally, the rational choice problem appeared in demand theory in form
of consumer’s choice [4, 10]. In this setting, X ⊂ IRn+ is a commodity space,
and M = {Mp,I : p ∈ IRn+, I ∈ IR+}, where p is the price vector, I is
the consumer’s wealth, and Mp,I = {x ∈ X : px ≤ I } is the consumer’s
budget set. Later, various aspects of general rational choice theory were de-
veloped by many authors; see, e.g. [16, 45]. An important role here is played
by intensifications of the Houthakker strong axiom of revealed preference.7

Following [28, Corollary 2], we give a criterion for a choice function to be
d-Lipschitz-utility-rational. We show further that:

(a) If X is closed or open in IRn, γ satisfies the strengthened axiom of
revealed preference, and X, M, γ are stable with respect to shifts in positive
directions,8 then γ is smooth-utility-rational;

6 Also see [2, 7, 8].
7 As is shown in [28,34], various versions of the strong axiom of revealed preference
mean the validity of some strengthened acyclicity assumption, which, in turn, may
be formulated as the inequality c∗(x, x) ≥ 0, x ∈ X, where c∗ is the reduced cost
function associated with an appropriate cost function c.
8 That is, for each z ∈ IRn+, x ∈ X ⇒ (x + z) ∈ X and M ∈ M ⇒ [M + z ∈
M, γ (M + z) ⊇ γ (M)+ z].
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(b) If, in addition, X = IRn, M, and γ are stable with respect to shifts by
any z ∈ IRn, and there is a closed convex set M ∈M with non-empty interior
and smooth boundary, then γ can be rationalized by a linear function.

§4.4 is devoted to representations of interval orders on a (closed or open)
set X ⊂ IRn satisfying X = X + IRn+. We consider an interval order #
satisfying

x # y ⇔ (x + z) # (y + z)

for each z ∈ IRn+, and show that for this class of interval orders, the existence
of Lebesgue measurable representations and of smooth ones are equivalent.

§5 is a conclusion.

2. An existence theorem

In what follows, X is a closed (or open) subset in IRn satisfying X = X+ IRn+
(that is x ∈ X, z ∈ IRn+ implies x + z ∈ X), c : X × X → IR ∪ {+∞} is a
Lebesgue measurable bounded below function,

Q0(c) = {u ∈ IRX : u(x)− u(y) ≤ c(x, y) for all x, y ∈ X},
and

Q(c) = Q0(c) ∩ Cb(X),

where Cb(X) is the space of all bounded continuous real-valued functions
on X.

In this section, we give a sufficient condition for the existence of smooth
functions in Q(c).

Let C∞(X) =
∞⋂

r=1
Cr(X) where Cr(X) is the class of all r times con-

tinuously differentiable real-valued functions on X: u ∈ Cr(X) if and only
if for every x = (x1, . . . , xn) ∈ int X all the partial derivatives ∂ku(x)

∂x
k1
1 ···∂x

kn
n

,

k ≤ r, k1 + · · · + kn = k, exist and each of them is uniquely continued with
preserving continuity to the whole of X.

As is established in [26] (see also [30, 34]), if c ∈ C1(X × X) and
c(x, x) = 0 for all x ∈ X then either Q0(c) is empty or Q0(c) = {u+α : α ∈
IR}, where u ∈ C1(X) is a unique, up to a constant term, function satisfying

∇u(x) = −∇yc(x, y)|y=x, x ∈ X.

Also in these papers conditions on c are given, separately necessary ones and
sufficient ones, for Q0(c) to be non-empty. In contrast to this, in the following
theorem Q0(c) is supposed to be non-empty, and although it may be rather
extensive, the existence of a smooth function in it is non-trivial.
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Theorem 2.1. Suppose there is a bounded Lebesgue measurable function u

on X satisfying (1), and for every x, y ∈ X the inequality holds true
∫ ∞

0
· · ·

∫ ∞

0
c(x + z, y + z)η(−z) dz1 · · · dzn ≤ c(x, y), (4)

where

η(z) = an

n∏
i=1

h(zi), z = (z1, . . . , zn),

h(t) =
{

0 for t ≥ 0,

exp(t − 1
t2 ) for t < 0,

an =
(∫ ∞

0
h(−t) dt

)−n

;

then there is a function v ∈ Q(c)∩C∞(X). Moreover, u(X) ⊂ (0, 1) implies
v(X) ⊂ (0, 1), and if u is non-decreasing9 then v is non-decreasing, too.
Also, if X is convex and u is concave (or convex) then one can find v ∈
Q(c) ∩ C∞(X) with the same properties.

Proof. We extend c to the whole of IRn × IRn by setting c(x, y) = +∞ for
(x, y) /∈ X×X. Now, given a function u ∈ L∞(X) ∩Q0(c), we extend it to
the whole of IRn by setting u(x) = 0 for x /∈ X and observe that so extended
function satisfies (1) whenever (x, y) ∈ IRn × IRn. Let us define a function
�(u) on IRn to be the convolution of u and η: for every x = (x1, . . . , xn) ∈
IRn,

�(u)(x) := (u ∗ η)(x) =
∫

IRn

u(x − z)η(z) dz1 · · · dzn

=
∫

IRn

u(z)η(x − z) dz1 · · · dzn. (5)

Since η ∈ C∞(IRn), it follows from (5) that �(u) ∈ C∞(IRn), and since
η(−z) = 0 for z /∈ IRn+, we get

�(u)(x) =
∫

IRn+
u(x + z)η(−z) dz1 · · · dzn. (6)

Now, multiplying the inequality

u(x + z)− u(y + z) ≤ c(x + z, y + z), z ∈ IRn+

9 That is, x ≤ y implies u(x) ≤ u(y), where x ≤ y means xi ≤ yi , i = 1, . . . , n.
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by η(−z), along with subsequent integrating by the Lebesgue measure on
IRn+, yields

�(u)(x)−�(u)(y) ≤
∫

IRn+
c(x + z, y + z)η(−z) dz1 · · · dzn. (7)

We define v to be the restriction of �(u) onto X. Taking into account (4), we
derive from (7) that v ∈ C∞(X) ∩Q0(c).

If u(X) ⊂ (0, 1) then v(X) = �(u)(X) ⊂ (0, 1) because of the equality∫
IRn η(z)dz1 · · · dzn =

∫
IRn+ η(−z) dz1 · · · dzn = 1. If u is non-decreasing

then u(x + z) ≤ u(y + z) whenever x ≤ y, z ∈ IRn+, and v(x) ≤ v(y) by (6).
Finally, if X is convex and u is concave (resp. convex) then, by (6), �(u) is
concave (resp. convex), as well. �

Remark 2.1 Inequality (4) is obviously satisfied with the equality sign when
c(x, y) = g(x − y).

Remark 2.2 Clearly (4) is satisfied when c(x + z, y + z) ≤ c(x, y) for all
x, y ∈ X, z ∈ IRn+. In particular, it is a case where c is non-increasing in
(x, y). Moreover, non-increase of the functions on IRn+, z �→ c(x+ z, y+ z),
whenever x, y ∈ X is sufficient for (4) to be satisfied. Also, (4) is satisfied
when c(x, y) = g(x, y, x − y) where g : X × X × IRn → IR ∪ {+∞} and
the function z �→ g(x + z, y + z, x − y), is non-increasing on IRn+ whenever
x, y ∈ X.

Remark 2.3 A bounded Lebesgue measurable function on X satisfying (1)
exists in any of the following cases: (a) (cf. [26, Theorem 9.2]) c satisfies the
triangle inequality, vanishes on the diagonal, and is Borel measurable (or its
Lebesgue sublevel sets L(c;α) = {(x, y) ∈ X × X : c(x, y) ≤ α}, α ∈ IR,
are Souslin); (b) (cf. [35, Proposition 11] or [27, Lemma 2]) c∗ is bounded
above, Borel measurable, and c∗(x, x) > −∞ for all x ∈ X (or, what is the
same, for all positive integers l and all cycles x0, . . . , xl−1, xl = x0 in X,
the inequality holds

∑l
i=1 c(xi−1, xi) ≥ 0). Yet one (trivial) case is that c is

non-negative.

Remark 2.4 Theorem 2.1 remains true with the same proof when η is an
arbitrary C∞(IRn)-smooth non-negative function that equals 0 outside IRn−
and satisfies

∫
IRn+ η(−z) dz1 · · · dzn = 1.

3. An application to approximation theory

In this section we deal with the following best approximation problem. Given
a closed subset X ⊆ IRn, a subspace H in Cb(X ×X),
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H := {hu(x, y) = u(x)− u(y) : u ∈ Cb(X)},
and a function f ∈ Cb(X ×X), one has to find the optimal value

m(f ;H) := inf
hu∈H

‖f − hu‖ = inf
u∈Cb(X)

sup
x,y∈X

|f (x, y)− u(x)+ u(y)|. (8)

Here, given a topological space Y , Cb(Y ) denotes the Banach space of
bounded continuous real-valued functions on it with the standard uniform
norm ‖u‖ = sup

y∈Y

|u(y)|.

Definition 3.1. We say a function u ∈ Cb(X) is an exact solution to the best
approximation problem (8), if infimum in (8) is attained at it:

m(f ;H) = sup
x,y∈X

|f (x, y)− u(x)+ u(y)|.

Let us consider the cost function

ϕ(x, y) = c(x, y)+m(f ;H), (9)

where
c(x, y) = min(f (x, y),−f (y, x)). (10)

The following two lemmas are particular cases of Lemmas 1 and 2 in
[36], where more general spaces X are considered.

Lemma 3.1. m(f ;H) = inf{α ∈ IR+ : Q(c+ α) �= ∅)}, and a function u is
an exact solution to (8) if and only if u ∈ Q(ϕ).

Lemma 3.2. Q(ϕ;L∞(X)) �= ∅.

In the proof of Lemma 3.2 the existence of strong lifting of L∞(X) is
substantially used; see [36] for details.

The next theorem generalizes Theorem 4 in [36] and Theorem 16 in
[35]10 where some sufficient conditions were given for f to be as in the
theorem.

Theorem 3.1. 1. Suppose X satisfies X = X + IRn+ and the function c, as
given by (10), satisfies (4); then there exists a function v ∈ C∞(X) which is
an exact solution to problem (8).

2. Suppose that either f is non-positive and satisfies (4) or f is non-
negative and (−f ) satisfies (4); then c satisfies (4).

10 See also the first statement of Theorem 3 in [36].
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Proof. 1. By Lemma 3.2, Q(ϕ;L∞(X)) �= ∅. Since c satisfies inequality (4),
the function ϕ, as given by (9), satisfies it as well. Now, from Theorem 2.1 it
follows that there is a function v ∈ Q(ϕ)∩C∞(X), and applying Lemma 3.1
completes the proof.

2. If f is non-positive then c(x, y) = f (x, y), and if f is non-negative
then c(x, y) = −f (y, x), and in both cases the result follows. �

4. Applications to utility theory

4.1. Preferences admitting Lipschitz continuous utility functions

Let X be a metric space with a distance d. Its elements may be considered as
states of some system. By a (original) preference on X we mean an arbitrary
binary relation  (reflexivity and transitivity of  are not supposed): given
two states x, y ∈ X, we say that y is preferred to x if x  y. We say that y is
strictly preferred to x and write it as x ≺ y if x  y, ¬(y  x).11

Besides the original preference  on X, we will consider a revealed (ex-
tended) one,  ∗. It is defined as follows. Given x, y ∈ X, we denote by
T (x, y) the set of all chains (finite trajectories) τ = (x1 → x2 → · · · → xm)

in X leading from x to y (m = m(τ), x1 = x, xm = y). Every τ ∈ T (x, y)

is appraised by

e(τ ) =
m∑

k=1

c(xk, xk+1) =
∑

k∈J (τ)

d(xk, xk+1), (11)

where, for any z, z′ ∈ X,

c(z, z′) :=
{

0 if z  z′,
d(z, z′) otherwise,

(12)

J (τ) = {k < m = m(τ) : ¬(xk  xk+1)}. A chain τ ∈ T (x, y) is considered
thus as a trajectory x = x1 → x2 → · · · → xm = y that starts at x

and finishes at y. It comprises m − 1 elementary fragments xk → xk+1,
k = 1, . . . , m − 1, and each fragment either improves the state (xk  xk+1)
or is a jump aside (¬(xk  xk+1)). The value e(τ ) may be treated as a total
payment for moving along the trajectory provided that a displacement xk →
xk+1 improving the state is free while a jump fee equals the distance between
the corresponding states, xk and xk+1. We define

x  ∗ y ⇔ inf
τ∈T (x,y)

e(τ ) = 0. (13)

11 Writing ¬(y  x) means that y  x fails.
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Remark 4.1 (cf. [28, Lemma 1]). Say τ ∈ T (x, y) is regular if it is of the
form y0 → x1 → y1 → x2 → · · · → xm → ym → xm+1 where xk  yk ,
k = 1, . . . , m, y0 = x, xm+1 = y. Since d satisfies the triangle inequality, it
is profitable to replace two neighboring jumps xk → xk+1 and xk+1 → xk+2

with the single one xk → xk+2, and we derive from (11) that it suffices to
take only regular τ in (13). Thus,

x  ∗ y ⇔ inf
τ∈Treg(x,y)

e(τ ) = 0,

where Treg(x, y) is the subset in T (x, y) consisting of regular τ .

It follows from (11), (12), (13) that  ∗ is a preorder (a reflexive and tran-
sitive binary relation) on X. Clearly x  y ⇒ x  ∗ y.

Remark 4.2 Notice that

inf
τ∈T (x,y)

e(τ ) = inf
τ∈Treg(x,y)

e(τ ) = c∗(x, y), (14)

where c∗ is the reduced cost function (see (2)) for the cost function c given
by (12). The definition of  ∗, as given by (13), may be then rewritten as

x  ∗ y ⇔ c∗(x, y) = 0. (15)

The preference  ∗ generates the corresponding strict preference ≺∗,
x ≺∗ y ⇔ (x  ∗ y, ¬(y  ∗ x)).

The next result is an immediate consequence of (11), (13), (15).

Lemma 4.1. The following conditions are equivalent: (a) x ≺ y ⇒ x ≺∗ y,
(b) if x ≺ y then there is a number δ = δ(x, y) > 0 such that e(τ ) > δ for
every (for every regular) τ ∈ T (y, x), (c) x ≺ y ⇒ c∗(y, x) > 0.

Definition 4.1. Given a preference  on X, a function u : X → IR is called
a utility function for it if for any x, y ∈ X two implications hold as follows:

x  y ⇒ u(x) ≤ u(y),

x ≺ y ⇒ u(x) < u(y).

Remark 4.3 Condition (b) of Lemma 4.1 strengthens the acyclicity assump-
tion: if x ≺ y then no τ = (y = x1 → x2 → · · · → xm = x) ∈ T (y, x) can
exist with xk  xk+1, k = 1, . . . , m− 1. Obviously, this acyclicity assump-
tion is necessary for the existence of an utility function for  . But it is not
sufficient: a simplest counter-example is the standard lexicographical order
on IR2 as  .
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Remark 4.4 An equivalent formulation of the acyclicity assumption is as fol-
lows: if x ≺ y then e(τ ) > 0 for every τ ∈ T (y, x).

Definition 4.2. Say a preference  satisfies the strengthened acyclicity as-
sumption if statement (b) of Lemma 4.1 holds true, that is for every x ≺ y

there is a number δ = δ(x, y) > 0 such that e(τ ) > δ for all τ ∈ T (y, x).

The next lemma says that replacing a given distance by an equivalent one
can affect neither the revealed preference  ∗ nor the strengthened acyclicity
assumption.

Lemma 4.2. Let d1 and d2 be equivalent distances on X, i.e. there are pos-
itive constants A,B such that Ad2(x, y) ≤ d1(x, y) ≤ Bd2(x, y) for all
x, y ∈ X. Consider two cost functions, c1 and c2, that answer d1 and d2

according to (12); then for any x, y ∈ X the equivalence holds true

c1∗(x, y) = 0 ⇔ c2∗(x, y) = 0,

and both the preorder  ∗ (see (13) or (15)) and the strengthened acyclicity
assumption don’t depend on what of two distances is used.

Proof. For any x, y ∈ X we consider two functions on T (y, x), e1 and e2,
given by (11) and responding to c1 and c2 respectively. Clearly, one has
Ac2(x, y) ≤ c1(x, y) ≤ Bc2(x, y); therefore, Ac2∗(x, y) ≤ c1∗(x, y) ≤
Bc2∗(x, y) and, for every τ ∈ T (y, x), Ae2(τ ) ≤ e1(τ ) ≤ Be2(τ ), and the
result follows. �

Definition 4.3. Given a metric space (X, d), a function u : X → IR is called
d-Lipschitz continuous if |u(x) − u(y)| ≤ Ld(x, y) for all x, y ∈ X where
L > 0. The class of functions satisfying this inequality will be denoted as
LipL(X, d).

Clearly, LipL(X, d) = Lip1(X,Ld), that is one can assume L = 1 by
passing to an equivalent distance.

We shall need the following simple lemma.

Lemma 4.3. For any a, b, c ∈ IR+, one has

a − b ≤ c ⇒ a

1+ a
− b

1+ b
≤ c

1+ c
, (16)

and for any a, b ∈ IR,

a ≤ b ⇔ a

1+ |a| ≤
b

1+ |b| , a < b ⇔ a

1+ |a| <
b

1+ |b| . (17)

The next result is a direct consequence of Lemma 4.3.
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Corollary 4.1. If u : X → IR is a non-negative utility function for  and
u ∈ Lip1(X, d), then the function v = u

1+u
has the same properties as u,

and v(X) ⊂ [0, 1].
Theorem 4.1 (cf. [28, Theorem 1]). Suppose that  is a preference on a
separable metric space (X, d). The following statements are then equivalent:
(a) there exists a (non-negative) d-Lipschitz continuous utility function for ;
(b) satisfies the strengthened acyclicity assumption.

Proof. (a)⇒(b) Suppose u is a d-Lipschitz continuous utility function for  .
We will assume by passing, if needed, to L−1u that u ∈ Lip1(X, d). Then,
by (12), u ∈ Q0(c). If now x ≺ y, then δ(x, y) := u(y)− u(x) > 0, and we
get, for every τ = (y = x1, x2, . . . , xm = x) ∈ T (y, x),

e(τ ) =
m−1∑
k=1

c(xk, xk+1) ≥
m−1∑
k=1

(u(xk)− u(xk+1)) = u(y)− u(x) = δ(x, y) > 0.

(b)⇒(a) Since, by implication (b)⇒(a) of Lemma 4.1, x ≺ y ⇒ x ≺∗ y,
every utility function for  ∗ will be a utility function for  . Therefore, it
suffices to present a (non-negative) d-Lipschitz continuous utility function
for  ∗. Let us consider the function

u(x) =
∞∑

k=1

1
2k

c∗(x, xk)

1+ c∗(x, xk)
,

where the sequence (xk) is dense in X. Since c∗ satisfies the triangle in-
equality, one has c∗(x, xk) − c∗(y, xk) ≤ c∗(x, y), k = 1, 2, . . .. Suppose
x  ∗ y, then, by (15), c∗(x, y) = 0, and we get c∗(x, xk) ≤ c∗(y, xk),
k = 1, 2, . . .. Now, taking into account equivalence (17) from Lemma 4.3,
one gets u(x) ≤ u(y). Furthermore, if x ≺ y, then c∗(y, x) > 0 by
Lemma 4.1, and applying the triangle inequality yields

−d(x, xk) ≤ −c∗(x, xk) ≤ c∗(y, x)− c∗(y, xk) ≤ c∗(xk, x) ≤ d(xk, x).

(18)
Let us chose a subsequence (xkn) that tends to x; then

lim
n→∞ d(x, xkn) = lim

n→∞ d(xkn, x) = 0,

and we derive from (18) that

lim
n→∞ c∗(x, xkn)) = 0, (19)

lim
n→∞ c∗(y, xkn) = c∗(y, x)) > 0. (20)
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We see from (19), (20) that c∗(x, xkn) < c∗(y, xkn) for large n, and since
c∗(x, xk) ≤ c∗(y, xk) for all k, we derive from (17) that u(x) < u(y).

It remains to show that u is d-Lipschitz continuous. We have c∗(x, xk)−
c∗(y, xk) ≤ c∗(x, y) ≤ c(x, y) ≤ d(x, y) for any x, y ∈ X, and applying
implication (16) from Lemma 4.3 with a = c∗(x, xk), b = c∗(y, xk), and
c = d(x, y) yields

c∗(x, xk)

1+ c∗(x, xk)
− c∗(y, xk)

1+ c∗(y, xk)
≤ d(x, y)

1+ d(x, y)
.

This implies u(x)− u(y) ≤ d(x,y)
1+d(x,y)

≤ d(x, y), that is u ∈ Lip1(X, d). �

Corollary 4.2. Suppose is a preference on a separable metrizable space X,
the following statements are then equivalent: (a) there exists a (non-negative
bounded) continuous utility function for  ; (b) there exists a bounded dis-
tance12 d on X such that d determines topology of X and  satisfies the
strengthened acyclicity assumption with respect to d.

Proof. (a)⇒(b) Suppose u is a continuous utility function for  . We will as-
sume by passing, if needed, to 1

2+ 1
2

u
1+|u| that u is non-negative and bounded.

Let d1 be an arbitrary distance that determines topology of X, and

d(x, y) := |u(x)− u(y)| + d1(x, y)

1+ d1(x, y)
.

Clearly, u ∈ Lip1(X, d), and d is a bounded distance determining topology
of X. Statement (b) follows then from Theorem 4.1.

(b)⇒(a) This follows directly from Theorem 4.1. �

Theorem 4.2. Suppose that 
 is a metrizable topological space, (X, dX) is
a separable metric space, and for every ω ∈ 
 a preference  ω is given
on X. Let d be a distance on 
 × X consistent with the product topology
and satisfying d((ω, x), (ω, y)) = dX(x, y) for all ω ∈ 
, x, y ∈ X. The
following statements are then equivalent: (a) there exists a function u : 
 ×
X → [0, 1] such that u ∈ Lip1(
 × X, d) and, for every ω ∈ 
, u(ω, ·)
belongs to Lip1(X, dX) and is a utility function for  ω; (b) the preference  
on 
×X, determined by

(ω, x)  (ω′, y) ⇔ ω = ω′, x  ω y, (21)

satisfies the strengthened acyclicity assumption.

12 A distance d is called bounded if there is C > 0 such that d(x, y) ≤ C for all
x, y ∈ X.
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Remark 4.5 Obviously, if  satisfies the strengthened acyclicity assumption
then, for every ω ∈ 
,  ω satisfies it, too.

Proof. (a)⇒(b) It follows from the definition of the preference  on 
 × X

(see (21)) that u is a utility function for  . Then u(ω, x) − u(ω′, y) ≤ 0 if
(ω, x)  (ω′, y), and since u(ω, x) − u(ω′, y) ≤ d((ω, x), (ω′, y)) for all
(ω, x), (ω′, y) ∈ 
×X, one gets u(ω, x)−u(ω′, y) ≤ c((ω, x), (ω′, y)) for
all (ω, x), (ω′, y) ∈ 
×X, where

c((ω, x), (ω′, y)) :=
{

0 if ω = ω′, x  ω y,

d((ω, x), (ω′, y)) otherwise.
(22)

If now (ω, x) ≺ (ω′, y) then ω = ω′ and x ≺ω y, hence u(ω, x) <

u(ω, y). Then, for δ(x, y) := u(ω, y) − u(ω, x) > 0 and any chain (tra-
jectory) in 
 × X leading from (ω, y) = (ω1, x1) to (ω, x) = (ωm, xm),
τ = ((ω1, x1) → (ω2, x2) → · · · → (ωm, xm)), one has

e(τ ) =
m−1∑
k=1

c((ωk, xk), (ωk+1, xk+1)) ≥
m−1∑
k=1

(
u(ωk, xk)− u(ωk+1, xk+1)

)

= u(ω, y)− u(ω, x) = δ(x, y),

and the strengthened acyclicity assumption is thus established.13

(b)⇒(a) Consider on (
 × X) × (
 × X) the cost function c as given
by (22) and the corresponding reduced cost function c∗, take in X a dense
countable set {x1, x2, · · · }, and let

u(ω, x) :=
∞∑

k=1

c∗((ω, x), (ω, xk))

2k
(
1+ c∗((ω, x), (ω, xk))

) . (23)

Obviously, u(X) ⊂ [0, 1]. Since c∗ satisfies the triangle inequality, one has

c∗((ω, x), (ω, xk))− c∗((ω′, y), (ω′, xk)) ≤ c∗((ω, x), (ω′, y)).

Now, taking into account (16) and arguing as in the proof of Theorem 4.1,
(b)⇒(a), one gets

u(ω, x)− u(ω′, y) ≤
∞∑

k=1

c∗((ω, x), (ω′, y))

2k (1+ c∗((ω, x), (ω′, y)))

= c∗((ω, x), (ω′, y))

1+ c∗((ω, x), (ω′, y))
, (24)

13 When 
 is separable, the validity of this assumption follows immediately from
Theorem 4.1.
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and as c∗ ≤ c ≤ d, the inequality holds

u(ω, x)− u(ω′, y) ≤ d((ω, x), (ω′, y))

1+ d((ω, x), (ω′, y))
≤ d((ω, x), (ω′, y))

that is u ∈ Lip1(
×X, d) hence u(ω, ·) ∈ Lip1(X, dX). It remains to show
that u(ω, ·) is a utility function for  ω. Let x  ω y, then c((ω, x), (ω, y)) =
0; therefore,

c∗((ω, x), (ω, xk))− c∗((ω, y), (ω, xk)) ≤ c∗((ω, x), (ω, y)) = 0,

and we get from (23), along with (17), that u(ω, x) ≤ u(ω, y). Suppose now
that x ≺ω y, then, by Lemma 4.1, c∗((ω, y), (ω, x)) > 0. Let us chose a sub-
sequence (xkn) that tends to x, then lim

n→∞ dX(x, xkn) = lim
n→∞ dX(xkn, x) = 0,

and applying the triangle inequality gives

−dX(x, xk) ≤ −c∗((ω, x), (ω, xk)) ≤ c∗((ω, y), (ω, x))− c∗((ω, y), (ω, xk))

≤ c∗((ω, xk), (ω, x)) ≤ dX(xk, x).

It follows that
lim

n→∞ c∗((ω, x), (ω, xkn)) = 0, (25)

lim
n→∞ c∗((ω, y), (ω, xkn)) = c∗((ω, y), (ω, x)) > 0, (26)

and since c∗((ω, x), (ω, xk)) ≤ c∗((ω, y), (ω, xk)) for all k, we derive from
(25), (26), along with (17), that u(ω, x) < u(ω, y). �

Remark 4.6 A similar result on a jointly continuous representation for closed
preorders  ω was obtained earlier in [21, 26]. For the case of closed total
preorders, see also [40].

4.2. Preferences admitting smooth utility functions

In this subsection, we deal with preferences on a subset X of IRn. In what
follows, dX(x, y) = ‖x − y‖ where ‖ · ‖ stands for the Euclidean norm.

Theorem 4.3. Suppose X is closed or open and satisfies X + IRn+ = X,  is
a preference on X satisfying both the strengthened acyclicity assumption and
the implication

x  y ⇒ (x + z)  (y + z), ∀z ∈ IRn+; (27)

then there is a utility function v for such that v ∈ C∞(X) and ‖∇v(x)‖ ≤ 1
for all x ∈ X. If, in addition,  is monotone, i.e. x ≤ y implies x  y, then
v is non-decreasing.



Smooth feasible solutions to a dual Monge–Kantorovich problem 113

Proof. By Theorem 4.1 and Corollary 4.1, there is a dX-Lipschitz continu-
ous utility function u for  such that u(X) ⊂ (0, 1) and u ∈ Lip1(X, dX).
Taking into account (27), along with the equality dX(x, y) = ‖x − y‖,
we see that c(x + z, y + z) ≤ c(x, y) whenever x, y ∈ X, z ∈ IRn+. It
follows from Remark 2.2 that assumption (4) of Theorem 2.1 is satisfied,
and applying the theorem gives us a function v ∈ Q(c) ∩ C∞(X) such
that v(X) ⊂ (0, 1). Moreover, as follows from the proof of Theorem 2.1,
one can take v = �(u)|X. Since by (12), c(x, y) ≤ dX(x, y), one has
Q(c) ⊂ Lip1(X, dX); therefore, v ∈ Lip1(X, dX), and as v is smooth, this
may be rewritten as ‖∇v(x)‖ ≤ 1.

Let us show that v is a utility function for  . Suppose that x  y, then
x + z  y + z for all z ∈ IRn+, hence u(x + z) ≤ u(y + z), and (6) implies
v(x) = �(u)(x) ≤ �(u)(y) = v(y). If now x ≺ y then u(x) < u(y), and
since u is continuous, there is δ > 0 such that u(x+ z) < u(y+ z) whenever
z ∈ IRn+, ‖z‖ < δ. Let B = {z = (z1, . . . , zn) ∈ IRn+ : ‖z‖ < δ}. Taking into
account that u(x + z) ≤ u(y + z) for all z ∈ IRn+, it follows∫

B

u(x + z)η(−z) dz1 · · · dzn <

∫
B

u(y + z)η(−z) dz1 · · · dzn,

∫
IRn+\B

u(x + z)η(−z) dz1 · · · dzn ≤
∫

IRn+\B
u(y + z)η(−z) dz1 · · · dzn,

and we deduce from (6) that v(x) = �(u)(x) < �(u)(y) = v(y), that is
v is a utility function. Finally, notice that for a monotone preference, non-
decrease of an utility function is obvious. �

Theorem 4.4. Suppose that X + IRn+ = X, 
 is a metrizable topological
space, d is a distance on 
 × X such as in Theorem 4.2, for every ω ∈ 
 a
preference ω satisfying (27) is given on X, and condition (b) of Theorem 4.2
is fulfilled. Then there exists a function v : 
 × X → IR such that: (i) v ∈
Lip1(
 × X, d); (ii) for every ω ∈ 
, v(ω, ·) is a utility function for  ω,
v(ω, ·) ∈ C∞(X), and ‖∇xv(ω, x)‖ ≤ 1, x ∈ X.14 If all  ω are monotone
then all v(ω, ·) are non-decreasing.

Remark 4.7 A similar result is given in [37] for the case where all  ω are
preorders.

Proof. By Theorem 4.2, there is a function u : 
 × X → (0, 1) such that
u ∈ Lip1(
 × X, d) and, for every ω ∈ 
, u(ω, ·) belongs to Lip1(X, dX)

and is a utility function for  ω. We define a function v : 
×X → (0, 1),

v(ω, x) := �(u(ω, ·))(x) =
∫

IRn+
u(ω, x + z)η(−z) dz1 · · · dzn,

14 ∇xv(ω, x) := (∂v(ω, x)/∂x1, . . . , ∂v(ω, x)/∂xn).
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and arguing as in the proof of Theorem 4.3, convince ourselves that the state-
ment of the theorem holds true. �

Remark 4.8 Both Theorems, 4.3 and 4.4, remain true for dX(x, y) = ‖x−y‖
where ‖·‖ is an arbitrary (non-Euclidean) norm, if one replaces ‖∇v(x)‖ ≤ 1
(resp. ‖∇xv(ω, x)‖ ≤ 1) with ‖∇v(x)‖∗ ≤ 1 (resp. ‖∇xv(ω, x)‖∗ ≤ 1)
where ‖ · ‖∗ is the dual norm.

4.3. Applications to rational choice problem

Let M be a family of non-empty subsets in a separable metric space (X, d),
and suppose that for every M ∈ M a certain non-empty subset γ (M) ⊂ M

is chosen.

Definition 4.4. A choice function γ is called utility-rational if there is a real-
valued function u on X such that, for every M ∈M,

γ (M) = {x ∈ M : u(x) = max
y∈M

u(y)}. (28)

In such a case, one says that u rationalizes γ . If, in addition, u is d-Lipschitz
continuous or X is a domain in IRn and u is smooth (Cr ), we will say that γ

is d-Lipschitz-utility-rational or Cr -smooth-utility-rational.

Definition 4.5. Say a trajectory z0 → z1 → · · · → zm in X is improving if
there are sets Mi ∈ M, i = 0, 1, . . . , m + 1 such that zi ∈ γ (Mi) ∩Mi+1,
i = 0, 1, . . . , m.

As is well-known, if γ is utility-rational then it satisfies the strong axiom
of revealed preference: no improving trajectory z0 → z1 → · · · → zm can
exist in X with z0 ∈ γ (M) and zm ∈ M \ γ (M), where M0 = Mm+1 = M .
The same assumption for m = 1 only is known as the weak axiom of revealed
preference: no M,M1 ∈ M, z0 ∈ γ (M) ∩M1, z1 ∈ (M \ γ (M)) ∩ γ (M1)

can exist.

Definition 4.6. We say that γ satisfies the strengthened axiom of revealed
preference, if for every M ∈M, every x ∈ M \ γ (M), and every y ∈ γ (M),
there exists δ = δ(M, x, y) > 0 such that given a trajectory y = y0 →
x1 → y1 → · · · → xm → ym → xm+1 = x with xk ∈ Mk , yk ∈ γ (Mk),
Mk ∈M, k = 1, . . . , m, one has

m+1∑
k=1

d(yk−1, xk) ≥ δ. (29)

If (29) holds for m = 1 only (that is, d(y, x1) + d(y1, x) ≥ δ whenever
M,M1 ∈ M, x ∈ M \ γ (M), x1 ∈ M1, y1 ∈ γ (M1), y ∈ γ (M)), we will
say that γ satisfies the strengthened weak axiom of revealed preference.
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Remark 4.9 Given a trajectory z0 → z1 → · · · → zm where z0 ∈
γ (M), zm ∈ M \ γ (M), zk ∈ Mk+1 ∩ γ (Mk), k = 0, 1, . . . , m, and
M0 = Mm+1 = M , one can associate it with the trajectory y = y0 →
x1 → y1 → · · · → xm → ym → xm+1 = x where y0 = x1 = z0,
y1 = x2 = z1, . . . , ym = xm+1 = zm = x. Since xk ∈ Mk , yk ∈ γ (Mk)

(k = 1, . . . , m), and d(yk−1, xk) = 0 (k = 1, . . . , m + 1), (29) fails. It fol-
lows that the strengthened axiom of revealed preference implies the strong
axiom of revealed preference, and the strengthened weak axiom of revealed
preference implies the weak axiom of revealed preference.

Lemma 4.4. The strengthened weak axiom of revealed preference implies
that each γ (M) is closed in M .

Proof. Indeed, otherwise there are x ∈ M \ γ (M) and a sequence
(z1, z2, . . .) ⊂ γ (M) such that lim

k→∞ d(x, zk) = 0. But this contradicts

(29) for m = 1, M1 = M , y = y0 = x1 = z1, and y1 = x2 = zk , where k is
large enough. �

Given a choice function γ , we associate it with a preference  γ as fol-
lows:

x  γ y ⇔ [x = y or ∃M ∈M : x ∈ M, y ∈ γ (M)].
Lemma 4.5. The strengthened axiom of revealed preference for γ implies the
strengthened acyclicity assumption for  γ .

Proof. This follows easily from definitions if one takes into account that x ≺γ

y ⇒ [∃M ∈M : x ∈ M \ γ (M), y ∈ γ (M)]. �

Lemma 4.6. Suppose (28) holds, so that γ is utility-rational with a rational-
izing function u, then

x ≺γ y ⇔ [∃M ∈M : x ∈ M \ γ (M), y ∈ γ (M)],
and u is a utility function for  γ .

Proof. Clearly x  γ y ⇔ u(x) ≤ u(y). Suppose x ≺γ y; then, by the
definition of  γ , there is a set M ∈M such that x ∈ M \ γ (M), y ∈ γ (M).
If now x ∈ M \ γ (M), y ∈ γ (M) for some M ∈ M then, by (28), u(x) <

u(y). It follows that no set M ′ ∈ M can exist with the property y ∈ M ′,
x ∈ γ (M ′), hence x ≺γ y, and u is a utility function for  γ . �

The next result is an easy consequence of Theorem 4.1 for the preference
 γ if one takes into account Lemmas 4.5 and 4.6.

Theorem 4.5. ([28, Corollary 2]). The following statements are equivalent:
(a) γ is d-Lipschitz-utility-rational; (b) γ satisfies the strengthened axiom of
revealed preference.
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Theorem 4.6. Suppose that X is closed or open in IRn, X + IRn+ = X, a
family M satisfies

M ∈M, z ∈ IRn+ ⇒ z+M ∈M, (30)

a choice function γ satisfies the strengthened axiom of revealed preference,
and

γ (z+M) ⊇ z+ γ (M), M ∈M, z ∈ IRn+; (31)

then there is a function u ∈ C∞(X) that rationalizes γ and satisfies the
inequality ‖∇u(x)‖ ≤ 1, x ∈ X.

Proof. Taking into account that (31) implies (27) for  γ , this is a direct con-
sequence of Theorem 4.3 along with Lemma 4.5. �

In the sequel, we will strengthen conditions (30) and (31) as follows:

M ∈M, z ∈ IRn, z+M ⊂ X ⇒ z+M ∈M, (32)

M ∈M, z ∈ IRn, z+M ∈M⇒ γ (z+M) = z+ γ (M). (33)

Notice that (33) may be rewritten equivalently as

M ∈M, z ∈ IRn, z+M ∈M⇒ γ (z+M) ⊇ z+ γ (M). (34)

Indeed, if M ∈ M and z + M ∈ M then M = −z + (z + M), and (34)
implies γ (M) ⊇ −z + γ (z +M) ⊇ −z + z + γ (M) = γ (M); therefore,
γ (z+M) = z+ γ (M).

Remark 4.10 Suppose X = IRn, M satisfies (32), and (31) holds with the
equality sign, then (33) is satisfied. Indeed, given M ∈ M and z ∈ IRn,
we find z0 ∈ IRn+, such that (z0 + z) ∈ IRn+, and take M0 = −z0 + M .
Then M0 ∈ M, M = z0 +M0, z +M = (z + z0) +M0, and (31) implies
γ (M) = z0 + γ (M0), γ (z+M) = z+ z0 + γ (M0) = z+ γ (M).

We now show that if X = IRn and conditions (32), (33) are satisfied
then in the strengthened axiom of revealed preference (see Definition 4.6) it
suffices to consider a particular class of trajectories as follows.

Definition 4.7. Given M ∈ M, x ∈ M \ γ (M), and y ∈ γ (M), we say a
trajectory y = y0 → x1 → y1 → · · · → xm → ym → xm+1 = x is
strongly regular if

xk+1 = yk ∈ Mk+1 ∩ γ (Mk), k = 0, 1, . . . , m− 1

and ym ∈ γ (Mm), where M1, . . . ,Mm ∈M and M0 = M . Clearly, for such
a trajectory one has

∑m+1
1 d(yk−1, xk) = d(ym, x).
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Lemma 4.7. Suppose X = IRn and conditions (32), (33) are satisfied, the
following statements are then equivalent: (a) the strengthened axiom of re-
vealed preference holds; (b) for every M ∈M, every x ∈ M \γ (M), and ev-
ery y ∈ γ (M) there is a number δ = δ(M, x, y) > 0 such that d(ym, x) ≥ δ

whenever y = y0 → x1 → y1 → · · · → xm → ym → xm+1 = x is a
strongly regular trajectory.

Proof. It suffices to show that (b) ⇒ (a). To this end, take M ∈ M, x ∈
M \ γ (M), y ∈ γ (M), and consider an arbitrary trajectory

y = y0 → x1 → y1 → · · · → xm → ym → xm+1 = x

with xk ∈ Mk , yk ∈ γ (Mk), k = 1, . . . , m. The result will follow if we find
a strongly regular trajectory

y = y0 → x1 → y1 → · · · → xm → ym → x (35)

satisfying
m+1∑
k=1

d(yk−1, xk) ≥ d(ym, x). We define yk = xk+1 = zk for

k = 1, . . . , m−1 and ym = zm, where z0 = y0 = y and zk =
k∑

j=0
yj−

k∑
j=1

xj ,

k = 1, . . . , m. Since x1 ∈ M1 and y = y0 ∈ γ (M), we have z0 = y0 =
x1 + (y0 − x1) ∈ γ (M) ∩ (M1 + y0 − x1). Similarly, since yk ∈ γ (Mk),
zk = yk + ∑k

j=1(y
j−1 − xj ) ∈ γ (Mk) + ∑k

j=1(y
j−1 − xj ), and since

xk+1 ∈ Mk+1, zk = xk+1+∑k+1
j=1(y

j−1−xj ) ∈ Mk+1+∑k+1
j=1(y

j−1−xj ).
We derive from (33)

zk ∈ γ (Mk) ∩Mk+1, k = 0, 1, . . . , m− 1,

where M0 = M and

Mk = Mk +
k∑

j=1

(yj−1 − xj ) ∈M, k = 1, . . . , m.

It follows that trajectory (35) is strongly regular, and since d(ym, x) =
d(zm, x) = ‖

m+1∑
j=1

(yj−1 − xj )‖ ≤
m+1∑
j=1

‖yj−1 − xj‖ =
m+1∑
j=1

d(yj−1, xj ),

the proof is complete. �

Theorem 4.7. Suppose X = X + IRn+, conditions (32), (33) are satisfied,
and there exist M0 ∈M and n+ 1 points in γ (M0), y, y1, y2, . . . , yn, such
that the interior of M0 \ γ (M0) is non-empty and the vectors y1 − y, y2 −
y, . . . , yn − y are linearly independent; then the strong axiom of revealed
preference fails to be true.
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Proof. First suppose that X = IRn. Given x ∈ M0 \ γ (M0), one has a repre-
sentation x − y = ∑n

i=1 αi(y
i − y), where the coefficients αi are uniquely

determined. Moreover, since the interior of M0 \γ (M0) is non-empty, we can
find x in M0 \ γ (M0) for which all αi are rational, so that αi = pi

q
where

q ≥ 1 and pi , i = 1, . . . , n, are integers. Suppose for the sake of definiteness,
that there are both positive and negative pi ,15 and by passing, if needed, to a
new enumeration, assume pi > 0 for 1 ≤ i ≤ r , pi < 0 for r + 1 ≤ i ≤ m,
and pi = 0 for m+ 1 ≤ i ≤ n where 1 ≤ r < m ≤ n. We get

x = y +
m∑

i=1

pi(y
i − y)+ (q − 1)(y − x). (36)

By letting p0 := 0, M0(0) := M0, we define the sets

Mi(1) =

⎧⎪⎨
⎪⎩

Mi−1(pi−1)+ yi − y for 1 ≤ i ≤ r,

Mi−1(|pi−1|)+ y − yi for r + 1 ≤ i ≤ m,

Mi−1(|pi−1|)+ y − x for i = m+ 1,

and for j > 1,

Mi(j) =

⎧⎪⎨
⎪⎩

Mi(j − 1)+ yi − y for 1 ≤ i ≤ r,

Mi(j − 1)+ y − yi for r < i ≤ m,

Mi(j − 1)+ y − x for i = m+ 1.

All these sets are shifts of M0:

Mi(j) = M0 + zi(j), (37)

where
z1(j) = j (y1 − y), 1 ≤ j ≤ p1,

zi(j) =

⎧⎪⎨
⎪⎩

∑
k<i pk(y

k − y)+ j (yi − y) for 1 ≤ j ≤ pi, 1 < i ≤ r,∑
k<i pk(y

k − y)+ j (y − yi) for 1 ≤ j ≤ |pi |, r + 1 ≤ i ≤ m,∑
k<i pk(y

k − y)+ j (y − x) for 1 ≤ j ≤ q − 1, i = m+ 1.

Taking into account (32), (33), it follows from (37) that

γ (Mi(j)) = γ (M0)+ zi(j) ∀(i, j). (38)

Let us set
yi(j) = y + zi(j)

15 The case that all pi are non-negative or all of them are non-positive is examined
similarly.
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for 1 ≤ i ≤ m, 1 ≤ j ≤ |pi | and for i = m + 1, 1 ≤ j ≤ q − 1.
It follows from (38) that yi(j) ∈ γ (Mi(j)) for all i, j , and if i ≤ r then
yi(1) = y + zi(1) = y + zi−1(pi−1) + yi − y = yi + zi−1(pi−1) ∈
γ (Mi−1(pi−1)) (for i = 1 one has y1(1) = y + z1(1) = y1 ∈ γ (M0))
and, for 1 < j ≤ pi , yi(j) = y + zi(j) = yi + zi(j − 1) ∈ γ (Mi(j − 1)).
Further, since zr(pr)+y−yr+1 = zr+1(1), we have yr(pr) = y+zr(pr) =
yr+1 + zr+1(1) ∈ γ (Mr+1(1)) hence yr(pr) ∈ γ (Mr(pr)) ∩ γ (Mr+1(1)).
Similarly, for each i, r + 1 ≤ i ≤ m, yi(|pi |) = y + zi(|pi |) =
yi+1 + zi+1(1) ∈ γ (Mi(|pi |)) ∩ γ (Mi+1(1)), and for 1 ≤ j < |pi |,
yi(j) = y + zi(j) = yi + zi(j)+ y − yi = yi + zi(j + 1) ∈ γ (Mi(j + 1))

hence yi(j) ∈ γ (Mi(j))∩γ (Mi(j+1)). Also, taking into account the equal-
ities zm+1(1) = zm(|pm|)+ y − x and zm+1(j + 1) = zm+1(j)+ y − x for
1 ≤ j < q − 1, we get ym(|pm|) = y + zm(|pm|) = x + zm+1(1) ∈
M0+zm+1(1) = Mm+1(1) hence ym(|pm|) ∈ γ (Mm(|pm|))∩Mm+1(1), and
ym+1(j) = y+ zm+1(j) = x+ zm+1(j +1) ∈ γ (Mm+1(j))∩Mm+1(j +1),
1 ≤ j < q− 1. Finally, by (38), ym+1(q− 1) ∈ γ (Mm+1(q− 1)). We obtain
thus a trajectory

y → y1(1) → y1(2) → · · · → y1(p1) → y2(1) → y2(2) → · · ·
→ y2(p2) → y3(1) → · · · → yr(pr) → yr+1(1) → yr+1(2) → · · ·

→ yr+1(|pr+1|) → yr+2(1) → · · · → yr+2(|pr+2|) → · · ·
→ ym(|pm|) → ym+1(1) → · · · → ym+1(q − 1),

which is improving and leads from y to ym+1(q − 1), and since, by (36),
ym+1(q−1) = y+zm+1(q−1) = x, the strong axiom of revealed preference
fails to be true.

Thus, for X = IRn, the proof is complete. If now X is a proper subset in
IRn, the result is derived from here by replacing M0, Mi(j) with their shifts
M0+z∗, Mi(j)+z∗ where z∗ ∈ IRn+ is taken from the condition that all these
shifts are contained in X. �

Theorem 4.8. Suppose that X = X + IRn+, M satisfies (32) and consists of
closed convex sets, γ (M) �= M for every M ∈ M, and a choice function γ

satisfies both the strengthened weak axiom of revealed preference and con-
dition (33); then, for every M ∈ M, γ (M) is a closed convex subset in the
boundary of M , and for each t ∈ IR an implication holds

[x, y ∈ γ (M), (1− t)x + ty ∈ M] ⇒ (1− t)x + ty ∈ γ (M). (39)

Proof. Let us fix a point x ∈ M \ γ (M). If y ∈ γ (M) is an interior point of
M then there exists ε > 0 such that the ε-ball with center at y is contained in
M . Let us fix 0 < ε < ‖x − y‖ and take 0 < δ < ε

‖x−y‖ , 1 − δ < t < 1,
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x(t) = (1 − t)x + ty, and M1 = (x(t) − y) + M . We have x(t) − y =
(1− t)(x − y), hence ‖x(t)− y‖ < ε and x(t) = y + (x(t)− y) ∈ γ (M1).
Further, since ‖x(t)− y‖ < ε, one has 2y − x(t) = y − (x(t)− y) ∈ M and
y = (x(t) − y) + (2y − x(t)) ∈ M1. We get a trajectory y → x(t) where
y ∈ γ (M), x(t) ∈ M \ γ (M), and x(t) ∈ γ (M1), what is a contradiction
with the weak axiom of revealed preference. Thus, we have established that
each γ (M) consists of boundary points. Also, γ (M) is closed by Lemma 4.4.

Let us show that γ (M) is convex. Suppose that x, y ∈ γ (M) but x(t) =
(1 − t)x + ty /∈ γ (M) for some 0 < t < 1. We consider the straight line
passing through x and y, L = {(1−t)x+ty : t ∈ IR}, and taking into account
that γ (M) is closed, we will assume that x, y ∈ γ (M)∩L are chosen in such
a way that x(t) /∈ γ (M) for all 0 < t < 1. Fix such a t , which is close to 1,
and consider M1 = x(t)− y +M , x1 = x(t), and y1 = x − y + x(t). Here,
we suppose, without loss of generality, that M1 ⊂ X, otherwise we find a
vector z ∈ IRn+ such that z+ x(t)− y ∈ IRn+, hence z+ x(t)− y +M ⊂ X,
and consider z +M in place of M . Then x1 ∈ M1, y1 ∈ γ (M1), and since
d(y, x1)+ d(y1, x) = ‖y− x(t)‖+ ‖x(t)− y‖ = 2(1− t)‖y− x‖ becomes
arbitrarily small when t is close enough to 1, we obtain a contradiction with
the strengthened weak axiom of revealed preference.

It remains to prove (39). Since γ (M) is closed, the values tmin = min{t ∈
IR : (1 − t)x + ty ∈ γ (M)} ≤ 0 and tmax = max{t ∈ IR : (1 − t)x + ty ∈
γ (M)} ≥ 1 are well-defined. Clearly, (39) will be established if we show
that x(t) = (1− t)x(tmin)+ tx(tmax) /∈ M for t ∈ IR \ [tmin, tmax]. Suppose
x(t) ∈ M for some t > tmax. We can assume that t is close to tmax hence x(t)

is close to x(tmax). We consider M1 = x(t)− x(tmax)+M and suppose that
M1 ⊂ X; otherwise we will pass from M to M + z where z ∈ IR+ is chosen
from the condition that z + x(t) − x(tmax) ∈ IR+. Let us take a trajectory
y∗ → x1 → y1 → x∗, where x∗ = x1 = y1 = x(t), y∗ = x(tmax),
and notice that x∗ ∈ M \ γ (M), y∗ ∈ γ (M), x1 ∈ γ (M1), y1 ∈ γ (M1).
Since d(y1, x∗) = 0 and d(y∗, x1) = ‖x(tmax) − x(t)‖ becomes arbitrarily
small when t is close enough to tmax, we obtain a contradiction with the
strengthened weak axiom of revealed preference. Similarly, if t < tmin is
close enough to tmin and x(t) ∈ M then, arguing as above, we again get a
contradiction with the strengthened weak axiom of revealed preference for
M1 = x(t)− x(tmin)+M , x∗ = x1 = y1 = x(t), y∗ = x(tmin). �

As follows from Theorems 4.7 and 4.8, conditions (32), (33) are strong
enough, especially in combination with axioms of revealed preference. Let
us consider three examples.
Example 4.1. Suppose M consists of all compact convex sets in X, and
γ (M) is given by (28), where u(x) = a · x is any non-zero linear function.
Obviously (32), (33) are satisfied. Also, by Theorem 4.5, the strengthened
axiom of revealed preference is satisfied, too.
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Example 4.2. (For the sake of simplicity, we suppose X = IRn.) Fix any
y∗ �= 0 in X and consider M = {M∗+z : z ∈ X} and γ (M∗+z) = γ (M∗)+z

for every z ∈ X, where M∗ = {0, y∗} and γ (M∗) = {y∗}. Obviously, (32)
and (33) are satisfied. Let us show that the strengthened axiom of revealed
preference is satisfied, too. Suppose M = M0 ∈ M, x ∈ M \ γ (M), y ∈
γ (M), and let y = y0 → x1 → y1 → · · · → xm → ym → x be a strongly
regular trajectory leading from y to x. Then xk+1 = yk ∈ Mk+1 ∩ γ (Mk),
k = 0, 1, . . . , m − 1, and ym ∈ γ (Mm) where Mk = M∗ + zk ∈ M, k =
0, 1, . . . , m. Since x ∈ M0 \ γ (M0) and M∗ \ γ (M∗) = {0}, we get z0 = x.
Similarly, ym ∈ γ (Mm) implies ym = y∗ + zm, and yk ∈ Mk+1 ∩ γ (Mk)

for k = 0, 1, . . . , m − 1 implies (a) zk = yk − y∗ and (b) either yk = zk+1

(this is the case yk ∈ Mk+1 \ γ (Mk+1)) or yk = y∗ + zk+1 (this is the case
yk ∈ γ (Mk+1)). It follows that, for each k = 0, 1, . . . , m − 1, zk+1 − zk

is equal y∗ or 0; therefore, zm = z0 + ∑m−1
k=0 (zk+1 − zk) = x + m1y

∗,
and ym = y∗ + zm = x + (m1 + 1)y∗, where m1 ≤ m. Hence d(ym, x) ≥
(m1+1)‖y∗‖ ≥ ‖y∗‖ and, by Lemma 4.7, the strengthened axiom of revealed
preference is satisfied. (This follows also from Theorem 4.5, if one takes into
account that γ is rationalized by any linear function u(x) = a · x satisfying
a · y∗ > 0.)

Example 4.3. Suppose X = IRn, consider the vectors e1 = (1, 0, . . . , 0),
e2 = (0, 1, . . . , 0), . . . , en = (0, 0, . . . , 1), x = (x1, x2, . . . , xn), and de-
fine M0 = {0, e1, e2, . . . , en, x}, M = {M0 + z : z ∈ IRn}, γ (M0) =
{0, e1, e2, . . . , en}, γ (M0 + z) = γ (M0) + z. Obviously, (32) and (33) are
satisfied. It follows easily from Lemma 4.7 that the strengthened axiom of
revealed preference fails if, and only if, for every ε > 0, there exist integers
q ≥ 1, p1, . . . , pn such that |qxi + pi | < ε, i = 1, . . . , n.16

Theorem 4.9. Suppose X = IRn, M satisfies (32), γ satisfies both (33) and
the strengthened axiom of revealed preference, and there is a closed domain17

M ∈ M with a smooth boundary containing γ (M); then for every function
u ∈ C∞(IRn) rationalizing γ and satisfying ‖∇u(x)‖ ≤ 118 there exist a
vector of unit length a = (a1, . . . , an) ∈ IRn and a function λ ∈ C∞(IRn),
0 < λ ≤ 1, such that

ai

∂λ(x)

∂xj

= aj

∂λ(x)

∂xi

, x ∈ IRn, i, j ∈ {1, . . . , n}, (40)

16 It seems plausible that this condition is satisfied for all x ∈ IRn, otherwise one
would have an example of a C∞-smooth-utility-rational choice function γ that satis-
fies (33) but cannot be rationalized by a linear function.
17 A closed domain is a closed set that coincides with the closure of its interior.
18 The existence of such functions follows from Theorem 4.6.
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and
∇u(x) = λ(x)a, x ∈ IRn. (41)

Furthermore, a and λ are uniquely determined by u as follows:

λ(x) = ‖∇u(x)‖, a = ∇u(x)

‖∇u(x)‖ ∀x ∈ IRn, (42)

and the linear function u1(x) = a · x rationalizes γ as well.

Proof. Let y∗ be any point in γ (M), then y∗ is a boundary point of M , and
since the boundary of M is smooth, the normal to it at y∗ is well defined.
Moreover, it follows from (33) and (32) that each x ∈ IRn belongs to the set
γ (M + x − y∗) hence is a boundary point of M + x − y∗, and the normal
to the boundary of M + x − y∗ at x does not depend on x. We take a to
be the unit normal vector at y∗, which is directed outside M . Every x ∈ IRn

lies on two smooth surfaces, the boundary of M + x − y∗ and the surface
{z : u(z) = u(x)}, and, since u rationalizes γ , both the surfaces have the
same tangent hyperplane at x. Then there is a coefficient λ(x) > 0 such that
∇u(x) = λ(x)a. Moreover, since u ∈ C∞(IRn), ‖∇u(x)‖ ≤ 1, it follows
that λ ∈ C∞(IRn), λ(x) ≤ 1, and (41) is thus established. Notice also that
(40) and (42) are direct consequences of (41).

The proof will be completed if we show that an equivalence holds as
follows:

u(x) ≤ u(y) ⇔ a · x ≤ a · y. (43)

Notice that if there exists a smooth function h : IR → IR such that

λ(x) = dh(t)

dt
|t=a·x, x ∈ IRn, (44)

then h is increasing and u(x) = h(a · x) + const , therefore, (43) holds.
Let us prove the existence of such a function h. We assume, for the sake of
definiteness, that a1 �= 0, and pass from x = (x1, . . . , xn) to new variables
y = (y1, . . . , yn) = Ax, where y1 = a1x1 + a2x2 + · · · + anxn, yk = xk

(k = 2, . . . , n). Let y = Ax, and μ(y) := λ(A−1(y)) = λ(x). One has

∂λ

∂x1
= ∂μ

∂y1
a1,

∂λ

∂xk

= ∂μ

∂y1
ak + ∂μ

∂yk

(k = 2, . . . , n);

and by taking into account (40), we derive from here

∂μ

∂yk

= ∂λ

∂xk

− ak

a1

∂λ

∂x1
= 0 ∀k �= 1.

It follows that μ(y) depends on y1 only, i.e. λ(x) is a function of a · x; then
there is a smooth function λ0 : IR → (0, 1] such that λ(x) = λ0(a · x), and
(44) is satisfied for h being a primitive function of λ0. �
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Corollary 4.3. Suppose X = IRn, M satisfies (32), γ satisfies both (33) and
the strengthened axiom of revealed preference, and there is a closed convex
set M∗ ∈ M with non-empty interior and smooth boundary; then there is a
linear function rationalizing γ .

Proof. Taking into account that the interior of M∗ is non-empty, the strength-
ened axiom of revealed preference implies γ (M∗) �= M∗. Let M1 :=
{M∗ + z : z ∈ IRn}. Since M1 ⊂ M, γ satisfies the strengthened axiom
of revealed preference with respect to M1; then, by Theorem 4.8, the bound-
ary of M∗ contains γ (M∗), and applying Theorem 4.9 concludes the proof.
�

Remark 4.11 The proof of Theorem 4.9 is similar to that of Theorem 3.2 in
[37] where the existence of a linear utility function is established for a class
of closed total preorders on X. I would like to eliminate an annoying defect
slipped in the proof of Theorem 3.2 in [37]. It relates to the boundary of
the set Mε(y

∗) = {x ∈ X : x  y∗} ∩ Bε(y
∗). It is said in [37, p. 101]

that the boundary of Mε(y
∗) is {x : u(x) = u(y∗)} ∩ Bε(y

∗). Of course,
this is nonsense. In fact, the boundary of Mε(y

∗) consists of two pieces, viz.
{x : u(x) = u(y∗), ‖x − y∗‖ < ε} and {x ∈ Mε(y

∗) : ‖x − y∗‖ = ε}.
Nevertheless, the theorem is correct and its proof, as given in [37], holds
true taking into account that, for y ∈ int X, Mε(y) is the shift of Mε(y

∗),
y ∈ {x : u(x) = u(y), ‖x − y‖ < ε} is a boundary point of Mε(y), and the
boundary of Mε(y) is smooth near y.

4.4. On a class of interval orders admitting smooth representations

Definition 4.8. Recall (see, e.g. [2, Chap. 6]) that a binary relation # on a set
X is called an interval order if it is asymmetric (x # y ⇒ ¬(y # x)) and
satisfies the following condition:

(x # y and x′ # y′) ⇒ (x # y′ or x′ # y).

Given an interval order #, one can associate it with a preference  as
follows: x  y ⇔ ¬(x # y). Since # is asymmetric, one has

x # y ⇒ y  x.

It follows from Definition 4.8 that # is transitive; however generally  is not
such.

Definition 4.9. Given an interval order #, a pair (u, v) of real-valued func-
tions on X is called its representation if, for any x, y ∈ X, an equivalence
holds as follows:

x # y ⇔ u(x) > v(y). (45)
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Clearly, (45) implies

x  y ⇔ u(x) ≤ v(y). (46)

In what follows, X is supposed to be a subset in IRn which is stable with
respect to shifts in positive directions and either closed or open. A represen-
tation (u, v) of # is called Lebesgue measurable (resp. continuous, smooth)
if both the functions, u and v, are Lebesgue measurable (resp. continuous,
smooth). In the next theorem we describe a class of interval orders on X for
which the existence of Lebesgue measurable and of smooth representations
are equivalent.

Theorem 4.10. Suppose X is closed or open and satisfies X = X+ IRn+, and
# is an interval order on X such that, for every z ∈ IRn+, an equivalence
holds as follows:

x # y ⇔ (x + z) # (y + z). (47)

If# has a Lebesgue measurable representation then there is a representation
(u, v) such that u, v ∈ C∞(X) and u(X) ⊂ (0, 1), v(X) ⊂ (0, 1).

Proof. Let (u0, v0) be a Lebesgue measurable representation of #. Taking
into account Lemma 4.3 and passing, if needed, from u0, v0 to 1

2 + 1
2

u0
1+|u0| ,

1
2 + 1

2
v0

1+|v0| , we will assume that u0, v0 ∈ L∞(X) and u0(X) ⊂ (0, 1),
v0(X) ⊂ (0, 1). Let us define u = �(u0), v = �(v0) where � is given by
(6); then u, v ∈ C∞(X), and u(X) ⊂ (0, 1), v(X) ⊂ (0, 1). Furthermore, if
x # y then, by (47), (x + z) # (y + z) for all z ∈ IRn+, hence u0(x + z) >

v0(y + z), and we derive from (6) that u(x) > v(y). If now x # y fails then
x  y, and taking into account (46) along with (47) and (6), it follows that
u(x) ≤ v(y). It follows that x # y ⇔ u(x) > v(y), and (u, v) is thus a
C∞-smooth representation of #. �

Remark 4.12 Clearly, (47) is equivalent to

x  y ⇔ (x + z)  (y + z) ∀z ∈ IRn+,

which is a strengthening of (27).

Remark 4.13 A sufficient condition for an interval order on a connected sep-
arable topological space to have a representation (u, v) such that u is lower
semi-continuous and v is upper semi-continuous may be found in [1] (see
also [2, Theorem 6.4.5]). A criterion for an interval order on a connected
topological space to have a continuous representation is given in [3] (see also
[2, Theorem 6.5.5]). By combining Theorem 4.10 with these theorems, one
can obtain sufficient conditions for the existence of smooth representations.
We omit precise formulations of the corresponding results.
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5. Conclusion

In this paper, sufficient conditions were obtained for the existence of a smooth
feasible solution to a dual Monge–Kantorovich problem with a fixed marginal
difference on a closed or open subset X in IRn which is stable with respect
to shifts in positive directions. Based on the existence theorem, a united
method is developed for solving various problems in approximation theory
and mathematical economics. Among other things, the following results were
obtained.

We have considered a problem of best approximating a bounded contin-
uous function on X×X by differences of the form u(x)− u(y) and we have
given a condition for the existence of a smooth exact solution to it.

We have proved the existence of a smooth utility function for a (gen-
erally non-reflexive and non-transitive) preference relation on X satisfying
the strengthened acyclicity assumption and the condition that adding one and
the same positive vector to each of two comparable alternatives cannot af-
fect the preference relation between them. A similar result (the existence of
a smooth joint utility) is obtained for a class of preferences depending on a
parameter.

We have studied a general rational choice problem on a family of subsets
of X, and we have given conditions for the existence of a linear (or smooth)
utility function rationalizing the choice. These conditions are a strengthened
axiom of revealed preference and a translation invariance requirement (or
some its weakening).

We have proved that for an interval order # on X satisfying x # y ⇔
(x+ z) # (y+ z) whenever z ∈ IRn+ the existence of a smooth representation
and of a Lebesgue measurable one are equivalent.
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Abstract. We study the optimal growth rate in the market where there are a saving
asset and a low liquid risky asset. In this paper the low liquid asset can be traded at
random trade times. We show the optimal growth rate both with finite time horizon
and with infinite time horizon. And we find an optimal strategy. Further we discuss the
convergence of the optimal growth rate and the optimal strategy as the time horizon
goes to infinity.

Key words: liquidity, optimal growth rate, optimal strategy

1. Introduction

Liquidity effects are analyzed by many kinds of model. One of most familiar
models is a model of transaction costs (see Leland [8], Davis and Norman [4],
Boyle and Vorst [1], Kusuoka [7], Kabanov [6]). Price impact and execu-
tion delay are studied by Subramanian and Jarrow [14] and stochastic supply
curve is discussed by Cetin, Jarrow and Protter [2]. In these models, there is
no restriction on trade times. On the other hand, there are some studies where
the liquidity is represented by restrictions on trade times. A discrete trade
time model is studied by Rogers [12] and further random trade time model
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is studied by Rogers and Zane [13], Matsumoto [9, 10]. They consider some
classical Merton wealth and consumption problems and analyze the liquidity
effects on optimal strategies.

In this paper we study the optimal growth rate in a random trade time
model. Here trade times are exponentially distributed. An investor wants to
maximize the expected growth rate by trading a saving account and a risky
asset. This is a kind of classical wealth problem. In a continuous trade times
model, Merton [11] studies this problem and shows that the investor should
invest a constant proportion of wealth in the risky asset. We consider the liq-
uidity effects in comparison to Merton’s result. We are interested in both the
finite time horizon problem and the infinite time horizon problem. The finite
time horizon problem is essentially studied in Matsumoto [10] and then our
study is mainly devoted to the infinite time horizon problem. The optimal
growth rate can be solved in an explicit form. And we find an optimal strat-
egy which attains the optimal growth rate. Further we study the convergence
problem between finite time horizon and infinite time horizon.

This paper is organized as follows. §2 provides the model and the prob-
lems. §3 shows the optimal growth rate and an optimal strategy. §4 discusses
the convergence problem. §5 explains an asymptotic expansion of the optimal
strategy and analyzes the liquidity effect on the optimal growth rate. Finally
we conclude the paper in §6.

2. Model and problem

Let (
,F, P , {Ft ; t ≥ 0}) be a filtered probability space satisfying the usual
conditions. Under P , {B(t); t ≥ 0, B(0) = 0} is an {Ft }-Brownian motion
and {Q(t); t ≥ 0,Q(0) = 0} is an {Ft }-Poisson process independent of B(t),
with intensity λ. Also we denote the first jump time of Q(t) by τ .

We assume the same model of a financial market as Matsumoto [10], that
is, an investor trades one safety asset and one low liquid risky asset whose
prices follow

dβ(t) = rβ(t)dt, β(0) = 1,

dS(t) = μS(t)dt + σS(t)dB(t), S(0) = S0,

where S0, r , μ and σ are positive constants. Let W(t) be his total wealth
and let X(t) be the fraction of total wealth invested in the risky asset. Set
W(0) = w > 0 and X(0) = x (0 ≤ x ≤ 1). He tries to trade assets in order
to change the fraction X(t) to v(t) but he succeeds only at jump times of
Q(t). Also he must not sell the risky asset short, nor borrow to buy the risky
asset. That is, v belong to the admissible processes defined by
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V0 = {v|v is predictable and 0 ≤ v(t) ≤ 1 for t ≥ 0}.
v is his control variable and then we call v a strategy. When we emphasize
that W(t) and X(t) depend on w, x and v, we write Ww,x,v(t), Xx,v(t). We
can show

dWw,x,v(t) = W(t−)((μ− r)X(t−)+ r)dt +W(t−)X(t−)σdB(t), (1)
dXx,v(t) = X(t−)(1−X(t−))(μ− r − σ 2X(t−))dt

+X(t−)(1−X(t−))σdB(t)+ (v(t)−X(t−))dQ(t). (2)

Please see Matsumoto [10] for the details.
In this study we discuss two types of optimization problems:

1. Finite time horizon problem: For T > 0, the optimal growth rate is defined
by

ξλ
T (x) = sup

v∈V0

1
T

E

[
log

Ww,x,v(T )

w

]
.

We want to solve ξλ
T (x) and find an optimal strategy which attains ξλ

T (x).
2. Infinite time horizon problem: The optimal growth rate is defined by

ξλ∞(x) = sup
v∈V0

lim inf
T→∞

1
T

E

[
log

Ww,x,v(T )

w

]
.

We want to solve ξλ∞(x) and find an optimal strategy which attains ξλ∞(x).

When the risky asset is completely liquid, namely, in the case of λ = ∞, sim-
ilar problems are studied by Merton [11], Grossman and Zhou [5], Cvitanic
and Karatzas [3], etc. We use Merton’s result as a benchmark. Merton’s
growth rate ξ∞T (x) and Merton’s strategy v∞T (t) are given by

ξ∞T (x) = r + (μ− r)2

2σ 2 , 0 ≤ T ≤ ∞,

v∞T (t) = x0, 0 ≤ t ≤ T ≤ ∞,

where
x0 = μ− r

σ 2 .

Since ξ∞T (x), v∞T (t) are independent of x, t , T , we abbreviate ξ∞T (x), v∞T (t)

to ξ∞, v∞, respectively. Also we assume Merton’s strategy is in (0, 1), that is,

0 < x0 < 1

throughout this paper. This assumption is not essential and can be removed
easily.
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3. Optimal growth rate and optimal strategy

First we show the result in the finite time horizon problem. Since the similar
problem is considered in Matsumoto [10], we review the result without the
proof.

Theorem 3.1. The optimal growth rate is given by

ξλ
T (x) = r + J λ(T , x)

T
,

where

Jλ(T , x) = 1
λ

E[f0(Y
x(τ ))1{τ≤T }] +

∫ T

0
sup

0≤y≤1
E[f0(Y

y(τ ))1{τ≤s}]ds,

f0(y) = (μ− r)y − 1
2
σ 2y2,

Y y(t) = yS(t)/S0

yS(t)/S0 + (1− y)β(t)
.

The strategy vλ
T (t) given by

vλ
T (t) ∈ argsup

0≤x≤1
E[f0(Y

x(τ ))1{τ≤T−t}]

is an optimal strategy. Specially if λ is sufficiently large, the optimal strategy
is unique.

Next we show the result in the infinite time horizon problem. This theo-
rem is the main result in this section.
Theorem 3.2. The optimal growth rate is given by

ξλ∞(x) = r + sup
0≤y≤1

E[f0(Y
y(τ ))].

The strategy vλ∞(t) given by

vλ∞(t) ∈ argsup
0≤x≤1

E[f0(Y
x(τ ))]

is an optimal strategy.

vλ∞(t) can be time homogeneous and then we denote vλ∞(t) by a constant, vλ∞.
Remark 3.1 In this case, the optimal growth rate does not depend on x, which
is different from the result with finite time horizon. In a short term investment
of the low liquid asset, the initial position is important but the investor can
overcome a disadvantage of the initial position in a long term investment.
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We prepare some lemmas for giving the proof of the main theorem. For
0 ≤ x ≤ 1, let

Aλ∞(x) = 1
λ

(
E[f0(Y

x(τ ))] − sup
0≤y≤1

E[f0(Y
y(τ ))]

)

and let
ξ̂ = r + sup

0≤y≤1
E[f0(Y

y(τ ))].

By the definition of Y x(t), we have

0 ≤ Yx(t) ≤ 1 (3)

and

Yx(t) = Hx
0 (S̃(t)),

∂Y x(t)

∂x
= Hx

1 (S̃(t)),

∂2Yx(t)

∂x2 = −2Hx
2 (S̃(t)),

where

S̃(t) = S(t)

S0β(t)
= exp

((
μ− r − 1

2
σ 2

)
t + σB(t)

)
,

Hx
0 (s) = xs

xs + 1− x
,

Hx
1 (s) = s

(xs + 1− x)2 ,

Hx
2 (s) = s(s − 1)

(xs + 1− x)3 .

Lemma 3.1. For any 0 < x < 1, we have
∣∣∣∣∂Y x(t)

∂x

∣∣∣∣ ≤ 1
4x(1− x)

, (4)
∣∣∣∣∣
∂2Yx(t)

∂x2

∣∣∣∣∣ ≤ max
{

1

x2 ,
1

(1− x)2

}
. (5)

Proof. It is sufficient to show Hx
1 (s) and Hx

2 (s) satisfy the lemma’s inequal-
ities. Since Hx

1 (s) is a non-negative function in (0,∞) and it has an absolute
maximum at s = (1− x)/x, we have
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|Hx
1 (s)| ≤

∣∣∣∣Hx
1

(
1− x

x

)∣∣∣∣ = 1
4x(1− x)

and then (4) follows. Next we set

α1 = 1−√
1− x(1− x)

x
,

α2 = 1+√
1− x(1− x)

x
.

We can show that Hx
2 (s) has an absolute minimum at s = α1 and an absolute

maximum at s = α2. We have

Hx
2 (α1) = − 1

27
H3(x)3

H4(x)

1

(1− x)2 ,

Hx
2 (α2) = H4(x)

H3(x)3
1

x2 ,

where

H3(x) = 2− x +√
1− x(1− x),

H4(x) =
(

1+√
1− x(1− x)

) (
1− x +√

1− x(1− x)
)

.

Since H3(x) and H4(x) are positive and decreasing functions in [0, 1], we
have

|Hx
2 (s)| ≤ max

{
1

27
H3(0)3

H4(1)

1

(1− x)2 ,
H4(0)

H3(1)3
1

x2

}

= 1
2

max
{

1

(1− x)2 ,
1

x2

}
.

By this inequality, (5) follows. �

Lemma 3.2. For 0 < x < 1, we have

dAλ∞(x)

dx
= 1

λ
E

[(
μ− r − σ 2Yx(τ )

) ∂Y x(τ )

∂x

]
, (6)

d2Aλ∞(x)

dx2 = 1
λ

E

[
−σ 2

(
∂Y x(τ )

∂x

)2

+
(
μ− r − σ 2Yx(τ )

) ∂2Yx(τ )

∂x2

]
.

(7)
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And there exist some constants C1 and C2 such that
∣∣∣∣∣
dAλ∞(x)

dx
x(1− x)

∣∣∣∣∣ ≤ C1, (8)

∣∣∣∣∣
d2Aλ∞(x)

dx2 x2(1− x)2

∣∣∣∣∣ ≤ C2 (9)

for all 0 < x < 1.

Proof. From Lemma 3.1, ∂Y x(t)/∂x and ∂2Yx(t)/∂x2 are bounded in some
neighborhood of x. By (3), using the mean value theorem and the bounded
convergence theorem, (6) and (7) can be obtained.

By Lemma 3.1, we have
∣∣∣∣∂Y x(t)

∂x
x(1− x)

∣∣∣∣ ≤ 1
4
,

∣∣∣∣∣
∂2Yx(t)

∂x2 x2(1− x)2

∣∣∣∣∣ ≤ 1.

From (3), (6) and (7), we get (8) and (9). ��
Here we define μ0 : [0, 1] × [0, 1] → R and σ0 : [0, 1] → R by

μ0(x, v) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

f0(x)+ r − ξ̂ + λ
(
Aλ∞(v)− Aλ∞(x)

)
, x = 0, 1,

f0(x)+ r − ξ̂ + dAλ∞(x)
dx

x(1− x)(μ− r − σ 2x)

+1
2

d2Aλ∞(x)

dx2 x2(1− x)2σ 2

+λ
(
Aλ∞(v)− Aλ∞(x)

)
, 0 < x < 1,

σ0(x) =
⎧⎨
⎩

0, x = 0, 1,

dAλ∞(x)
dx

x(1− x)σ, 0 < x < 1.

Lemma 3.3. For all 0 ≤ x ≤ 1, μ0 satisfies

sup
0≤v≤1

μ0(x, v) = 0.

Proof. Assume that 0 < x < 1 and let us introduce

Z(t) = Aλ∞(Y y(t))e−λt +
∫ t

0
e−λs(f0(Y

y(s))+ r − ξ̂ )ds.
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Since

Aλ∞(Y y(t))e−λt = E

[∫ ∞

0
e−λ(t+s)f0(Y

y(s))ds

]∣∣∣∣
y=Yy(t)

+ e−λt

λ
(r − ξ̂ )

= E

[∫ ∞

0
e−λ(t+s)f0(Y

y(t + s))ds|Ft

]
+

∫ ∞

t

e−λs(r − ξ̂ )ds

= E

[∫ ∞

t

e−λs(f0(Y
y(s))+ r − ξ̂ )ds|Ft

]
,

we have

Z(t) = E

[∫ ∞

0
e−λs(f0(Y

y(s))+ r − ξ̂ )ds|Ft

]
.

By Itô’s formula, we have

dY y(t) = Y y(t)(1− Yy(t))(μ− r − σ 2Yy(t))dt + Yy(t)(1− Yy(t))σdB(t).

Also we have

sup
0≤v≤1

μ0(x, v) = f0(x)+ r − ξ̂ + dAλ∞(x)

dx
x(1− x)(μ− r − σ 2x)

+1
2

d2Aλ∞(x)

dx2 x2(1− x)2σ 2 − λAλ∞(x)

since

sup
0≤v≤1

Aλ∞(v) = 0.

Using Itô’s formula again, we get

dZ(t) = sup
0≤v≤1

e−λtμ0(Y
y(t), v)dt + e−λtσ0(Y

y(t))dB(t).

Because e−λt > 0, Z(t) is a martingale and {Y y(t)|0 < y < 1} = (0, 1) a.s.
for any t > 0, we get

sup
0≤v≤1

μ0(x, v) = 0

for all 0 < x < 1.
It remains to show the case of x = 0, 1. In this case, Yx(t) = Yx(0) for

all t > 0. And then we have

sup
0≤v≤1

μ0(x, v) = f0(x)+ r − ξ̂ − λAλ∞(x)

= f0(x)+ r − ξ̂ −
(

f0(x)− sup
0≤y≤1

E[f0(Y
y(τ ))]

)

= 0.

�
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Lemma 3.4. For w > 0 and 0 ≤ x ≤ 1, let

I (w, x) = log w + Aλ∞(x).

Then

E

[
I (Ww,x,v(T ),Xx,v(T ))− I (w, x)

T

]
≤ ξ̂ (10)

for any v ∈ V0. Specially if v = vλ∞, the equality holds.

Proof. From (1) and (2), using Itô’s formula, we have

E[I (Ww,x,v(T ),Xx,v(T ))− ξ̂T ] − I (w, x)

= E

[∫ T

0
μ0(X

x,v(t−), v(t))dt

]

+E

[∫ T

0

(
Xx,v(t−)σ + σ0(X

x,v(t−))
)
dB(t)

]

+E

[∫ T

0
(Aλ∞(v(t))− Aλ∞(Xx,v(t−)))(dQ(t)− λdt)

]
.

By Lemma 3.2, the second and the third terms are 0. By Lemma 3.3, we have

E[I (Ww,x,v(T ),Xx,v(T ))− ξ̂T ] − I (w, x) ≤ 0.

Specially if v = vλ∞, the equality holds. Therefore we have our assertion. �

Lemma 3.5. There exists some constant C such that

|I (w, x)− log w| ≤ C
1
λ

for all w > 0 and 0 ≤ x ≤ 1.

Proof. Since f0 is a quadratic function, we have from (3)

min{f0(0), f0(1)} ≤ f0(Y
x(τ )) ≤ sup

0≤y≤1
f0(y) = (μ− r)2

2σ 2 . (11)

Therefore we get

|I (w, x)− log w| = |Aλ∞(x)| =
sup

0≤y≤1
E[f0(Y

y(τ ))] − E[f0(Y
x(τ ))]

λ

≤ 1
λ

(
(μ− r)2

2σ 2 −min{f0(0), f0(1)}
)

.

�
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Proof of Theorem 3.2. By Lemma 3.5 there exists C such that

−C

λ
+ log Ww,x,v(T ) ≤ I (Ww,x,v(T ),Xx,v(T )) ≤ C

λ
+ log Ww,x,v(T )

(12)
for any v ∈ V0. And we have

sup
v∈V0

lim inf
T→∞ E

[
− C

λT
+ 1

T
log

Ww,x,v(T )

w

]

≤ sup
v∈V0

lim inf
T→∞ E

[
I (Ww,x,v(T ),Xx,v(T ))− log w

T

]

≤ sup
v∈V0

lim inf
T→∞

I (w, x)− log w + ξ̂T

T

≤ sup
v∈V0

lim inf
T→∞ C

1
λT

+ ξ̂ = ξ̂ .

The second inequality follows by (10) and the last inequality follows by
Lemma 3.5. Therefore we get

sup
v∈V0

lim inf
T→∞

1
T

E

[
log

Ww,x,v(T )

w

]
≤ ξ̂ .

By Lemma 3.4 we have

E[I (Ww,x,vλ∞(T ),Xx,vλ∞(T ))] = I (w, x)+ ξ̂T .

By (12), we have

lim inf
T→∞ E

[
C

λT
+ 1

T
log

Ww,x,vλ∞(T )

w

]

≥ lim inf
T→∞ E

[
I (Ww,x,vλ∞(T ),Xx,vλ∞(T ))− log w

T

]

= lim inf
T→∞

I (w, x)− log w + ξ̂T

T

≥ lim inf
T→∞ − C

λT
+ ξ̂ = ξ̂ .

Then we get

lim inf
T→∞

1
T

E

[
log

Ww,x,vλ∞(T )

w

]
≥ ξ̂ .
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Therefore we obtain

lim inf
T→∞

1
T

E

[
log

Ww,x,v(T )

w

]
≤ ξ̂ = lim inf

T→∞
1
T

E

[
log

Ww,x,vλ∞(T )

w

]

for all v ∈ V0. Then ξ̂ is the optimal growth rate and vλ∞ is an optimal
strategy. This completes the proof. �

4. Convergence problem as T → ∞
In the finite time horizon case, the optimal strategy can be unique. On the
other hand, it is not guaranteed in the infinite time horizon case. In this section
we consider the convergence problem as the time horizon goes to infinity and
show that vλ∞ is a special optimal strategy. Here are the main theorems in this
section.

Theorem 4.1. The optimal growth rate satisfies

lim
T→∞ ξλ

T (x) = ξλ∞(x).

Theorem 4.2. If λ is sufficiently large, vλ
T , vλ∞ are unique and satisfies

lim
T→∞ vλ

T (t) = vλ∞.

Remark 4.1 By Theorem 4.1, it is reasonable to consider that the limit of the
optimal strategy with finite horizon is a natural optimal strategy with infinite
time horizon. And Theorem 4.2 shows that vλ∞ is the natural optimal strategy.

First we set

gλ
T (x) = E[f0(Y

x(τ ))1{τ≤T }],
gλ∞(x) = E[f0(Y

x(τ ))].
Lemma 4.1. We have

lim
T→∞ sup

0≤x≤1
|gλ

T (x)− gλ∞(x)| = 0

and

lim
T→∞ sup

0≤x≤1
gλ

T (x) = sup
0≤x≤1

gλ∞(x).
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Proof. Set

Cf0 = max

{
|f0(0)|, |f0(1)|, (μ− r)2

2σ 2

}
.

From (11), we get

sup
0≤x≤1

|gλ
T (x)− gλ∞(x)| ≤ E[ sup

0≤x≤1
|f0(Y

x(τ ))|1{τ>T }] ≤ Cf0P [τ > T ].

Since

gλ
T (x) = E[f0(Y

x(τ ))] − E[f0(Y
x(τ ))1{τ>T }],

we have from (11)

gλ
T (x) ≥ E[f0(Y

x(τ ))] − (μ− r)2

2σ 2 P [τ > T ]

gλ
T (x) ≤ E[f0(Y

x(τ ))] −min {f0(0), f0(1)}P [τ > T ].
Then we get

sup
0≤x≤1

gλ
T (x) ≥ sup

0≤x≤1
gλ∞(x)− (μ− r)2

2σ 2 P [τ > T ],

sup
0≤x≤1

gλ
T (x) ≤ sup

0≤x≤1
gλ∞(x)−min {f0(0), f0(1)}P [τ > T ].

Therefore we have
∣∣∣∣∣ sup
0≤x≤1

gλ
T (x)− sup

0≤x≤1
gλ∞(x)

∣∣∣∣∣ ≤ Cf0P [τ > T ].

Since

lim
T→∞P [τ > T ] = lim

T→∞ e−λT = 0, (13)

we get the desired results. �

Proof of Theorem 4.1. By Theorem 3.1 and the boundedness of f0(Y
x(τ )),

we have
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lim
T→∞ ξλ

T (x) = r + lim
T→∞

Jλ(T , x)

T

= r + lim
T→∞

1
T

(
1
λ

E[f0(Y
x(τ ))1{τ≤T }]

+
∫ T

0
sup

0≤y≤1
E[f0(Y

y(τ ))1{τ≤s}]ds

)

= r + lim
T→∞

1
T

∫ T

0
sup

0≤y≤1
gλ

s (y)ds

= r + lim
T→∞ sup

0≤y≤1
gλ

T (y).

By Lemma 4.1, the result follows. �

Lemma 4.2. Suppose that n1 ∈ Z, n2 ∈ N ∪ {0}. Let

λ0(n) = n

(
μ− r + n− 1

2
σ 2

)
.

If λ ≥ 1+ λ0(n1) ∨ λ0(n1 − n2), we have

E

[
S̃(τ )n1

(xS̃(τ )+ 1− x)n2

]
≤ 1+ λ0(n1) ∨ λ0(n1 − n2), 0 ≤ x ≤ 1. (14)

Proof. Set n ∈ Z. From 0 < x0 < 1, λ0(n) is non-negative. If λ > λ0(n),
we have

E[S̃(τ )n] = E

[
exp

(
n

(
μ− r − 1

2
σ 2

)
τ + nσB(τ)

)]

= E[exp (λ0(n)τ )]
= λ

λ− λ0(n)
.

The right-hand side is a decreasing function of λ for λ > λ0(n). If λ ≥
1+ λ0(n), we have

E[S̃(τ )n] ≤ 1+ λ0(n)

which is (14) for n2 = 0.
Next, we assume that n2 > 0. Since S̃(τ ) is positive, we have

S̃(τ )n1

(xS̃(τ )+ 1− x)n2
≤ min

{
S̃(τ )n1

(1− x)n2
,

S̃(τ )n1

(xS̃(τ ))n2

}

= min

{
S̃(τ )n1

(1− x)n2
,
S̃(τ )n1−n2

xn2

}
.
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If λ ≥ 1+ λ0(n1) ∨ λ0(n1 − n2), we have

E

[
S̃(τ )n1

(xS̃(τ )+ 1− x)n2

]
≤ min

{
1

(1− x)n2

λ

λ− λ0(n1)
,

1
xn2

λ

λ− λ0(n1 − n2)

}

≤
((

λ

λ− λ0(n1)

) 1
n2 +

(
λ

λ− λ0(n1 − n2)

) 1
n2

)n2

≤
(

(1+ λ0(n1))
1
n2 + (1+ λ0(n1 − n2))

1
n2

)n2

≤ 1+ λ0(n1) ∨ λ0(n1 − n2)

and this completes the proof. �

Lemma 4.3. Suppose that

λ ≥ max
{
μ− r, σ 2 − (μ− r)

}
+ 1.

Then we have

dgλ
T (x)

dx
= E

[(
μ− r − σ 2Yx(τ )

) ∂Y x(τ )

∂x
1{τ≤T }

]
, (15)

dgλ∞(x)

dx
= E

[(
μ− r − σ 2Yx(τ )

) ∂Y x(τ )

∂x

]
(16)

for 0 ≤ x ≤ 1. Specially they satisfy

dgλ
T (x)

dx

∣∣∣∣∣
x=0

> 0,
dgλ

T (x)

dx

∣∣∣∣∣
x=1

< 0, (17)

dgλ∞(x)

dx

∣∣∣∣∣
x=0

> 0,
dgλ∞(x)

dx

∣∣∣∣∣
x=1

< 0. (18)

Proof. Because we can prove (15) and (16) for all λ > 0 and 0 < x < 1 in
the same way as Lemma 3.2, we only have to consider two cases, x = 0, 1.
Suppose that s > 0. For some 0 < ε < 1, if 0 ≤ x < ε < 1, then

∣∣Hx
1 (s)

∣∣ = s

(xs + 1− x)2 ≤
s

(1− x)2 ≤
s

(1− ε)2

and if 0 < 1− ε < x ≤ 1, then

∣∣Hx
1 (s)

∣∣ ≤ s

(xs)2 =
1

x2
1
s
≤ 1

(1− ε)2
1
s
.
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By Lemma 4.2, if λ ≥ max
{
μ− r, σ 2 − (μ− r)

} + 1, S̃(τ ) and 1/S̃(τ ) is
integrable and then ∂Y x(t)/∂x is integrable. By (3), using the mean value
theorem and the dominated convergence theorem, we have

dgλ∞(x)

dx
= E

[(
μ− r − σ 2Yx(τ )

) ∂Y x(τ )

∂x

]

for x = 0, 1. Therefore we get

dgλ∞(x)

dx

∣∣∣∣∣
x=0

= (μ− r) E[S̃(τ )] > 0,

dgλ∞(x)

dx

∣∣∣∣∣
x=1

=
(
μ− r − σ 2

)
E

[
1

S̃(τ )

]
< 0,

which are (18). Because 1{τ≤T } does not depend on x and bounded, (17) can
be proved in the same way. �

Lemma 4.4. If λ is sufficiently large, then we have

d2gλ
T (x)

dx2 < 0, (19)

d2gλ∞(x)

dx2 < 0 (20)

for 0 < x < 1.

Proof. In a similar way to Lemma 3.2, we have

d2gλ
T (x)

dx2 = E[G(S̃(τ ))1{τ≤T }],

where
G(s) = −σ 2Hx

1 (s)2 − 2
(
μ− r − σ 2Hx

0 (s)
)

Hx
2 (s).

Since
G(1) = −σ 2 < 0,

for any ε0 > 0 there exists δ1 > 0 such that
∣∣∣G(S̃(τ ))+ σ 2

∣∣∣ < ε0 (21)
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for all | log S̃(τ )| ≤ δ1. By the integration by parts formula, we get

P [| log S̃(τ )| > δ1, τ ≤ T ] = −P [| log S̃(T )| > δ1]e−λT

+
∫ T

0

dP [| log S̃(u)| > δ1]
du

e−λudu.

Set
μ̃ = μ− r − 1

2
σ 2.

For u > 0, we have

dP [| log S̃(u)| > δ1]
du

= μ̃

2σ
√

u

(
φ

(
δ1 − μ̃u

σ
√

u

)
− φ

(−δ1 − μ̃u

σ
√

u

))

+ δ1

2σu
√

u

(
φ

(
δ1 − μ̃u

σ
√

u

)
+ φ

(−δ1 − μ̃u

σ
√

u

))

≥ 0,

where φ is the standard normal density function. By the monotone conver-
gence theorem, we get

lim
λ→∞P [| log S̃(τ )| > δ1, τ ≤ T ] = 0. (22)

From limλ→∞ P [τ ≤ T ] = 1, we have

lim
λ→∞P [| log S̃(τ )| ≤ δ1, τ ≤ T ] = 1. (23)

By the Schwarz inequality, we have

E[G(S̃(τ ))1{| log S̃(τ )|>δ1,τ≤T }]2 ≤ E[G(S̃(τ ))2]E[12
{| log S̃(τ )|>δ1,τ≤T }]

= E[G(S̃(τ ))2]P [| log S̃(τ )| > δ1, τ ≤ T ].
Because G(S̃(τ )) can be represented by the linear combination of

xn3
S̃(τ )n1

(xS̃(τ )+ 1− x)n2
, n1, n2, n3 ∈ N ∪ {0},

G(S̃(τ ))2 can be represented by the similar linear combination. If λ is suffi-
ciently large, E[G(S̃(τ ))2] is bounded by Lemma 4.2 and then from (22) we
get

lim
λ→∞E[G(S̃(τ ))1{| log S̃(τ )|>δ1,τ≤T }] = 0. (24)
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By (13), (21), (22), (23) and (24), we obtain

lim sup
λ→∞

∣∣∣∣∣
d2gλ

T (x)

dx2 + σ 2

∣∣∣∣∣
= lim sup

λ→∞

∣∣∣σ 2P [τ > T ] + E[
(
G(S̃(τ ))+ σ 2

)
1{| log S̃(τ )|≤δ1,τ≤T }]

+E
[(

G(S̃(τ ))+ σ 2
)

1{| log S̃(τ )|>δ1,τ≤T }
]∣∣∣

≤ lim sup
λ→∞

E
[∣∣∣G(S̃(τ ))+ σ 2

∣∣∣ 1{| log S̃(τ )|≤δ1,τ≤T }
]

≤ lim sup
λ→∞

ε0P [| log S̃(τ )| ≤ δ1, τ ≤ T ] = ε0.

Since σ 2 > 0 and ε0 is arbitrary, (19) follows. Also (20) can be proved
similarly. �

Lemma 4.5. Let

xλ
T ∈ argsup

0≤x≤1
gλ

T (x), xλ∞ ∈ argsup
0≤x≤1

gλ∞(x).

If λ is sufficiently large, xλ
T , xλ∞ exist uniquely and satisfy

0 < xλ
T < 1, 0 < xλ∞ < 1,

lim
T→∞ xλ

T = xλ∞.

Proof. By Lemma 4.4, gλ
T (x) is a concave function. If λ is sufficiently large,

gλ
T (x) has a unique absolute maximum point for 0 < x < 1 by (17). Then

xλ
T exists uniquely and satisfies 0 < xλ

T < 1. In a similar way, xλ∞ exists
uniquely and satisfies 0 < xλ∞ < 1.

For any ε2 > 0, set

ε1 = gλ∞(xλ∞)−max
{
gλ∞((xλ∞ − ε2) ∨ 0), gλ∞((xλ∞ + ε2) ∧ 1)

}
2

> 0.

By Lemma 4.1, there exists T1 > 0 such that

|gλ
T (x)− gλ∞(x)| < ε1, 0 ≤ x ≤ 1

for all T > T1. Suppose that T > T1. For x ∈ Dε2 := {x||x − xλ∞| >

ε2} ∩ [0, 1], we have

gλ
T (xλ∞)− gλ

T (x) >
(
gλ∞(xλ∞)− ε1

)− (
gλ∞(x)+ ε1

)
= gλ∞(xλ∞)− gλ∞(x)− 2ε1. (25)
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Since xλ∞ is a unique absolute maximum point and gλ∞(x) is a concave func-
tion by Lemma 4.4, we have

gλ∞(x) < max{gλ∞((xλ∞ − ε2) ∨ 0), gλ∞((xλ∞ + ε2) ∧ 1)}, x ∈ Dε2

and then (25) is positive. Therefore xλ
T satisfies |xλ

T − xλ∞| ≤ ε2. Since ε2 is
arbitrary, the result follows. �

Proof of Theorem 4.2. By the definition, vλ
T , vλ∞ satisfy

vλ
T (t) ∈ argsup

0≤x≤1
gλ

T−t (x),

vλ∞ ∈ argsup
0≤x≤1

gλ∞(x).

The result follows from Lemma 4.5. �

5. Analysis of liquidity effects

It is useful for analyzing liquidity effects to consider asymptotic behavior of
the natural optimal strategy and the optimal growth rate. In this section we
show the following theorems.

Theorem 5.1. There exist ηi , i ∈ N ∪{0} such that, for all n ∈ N ∪{0}, there
exist Cn > 0 and λn > 0 satisfying

∣∣∣∣∣vλ∞ −
n∑

i=0

ηi

λi

∣∣∣∣∣ ≤ Cn

1

λn+1 , λ ≥ λn.

Specially η0 and η1 are given by

η0 = x0,

η1 = −σ 2x0(1− x0)(1− 2x0)
�(2)

�(1)
= −σ 2x0(1− x0)(1− 2x0).

Here � : (0,∞) → R is the complete gamma function, that is,

�(s) =
∫ ∞

0
xs−1e−xdx.

Remark 5.1 By Theorem 5.1, the first approximation of the optimal strategy
can be represented by
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v∞ + 2σ 2x0(1− x0)

(
x0 − 1

2

)
1
λ

.

The second term can be considered as the main part of the liquidity effect on
the optimal strategy. The liquidity effect changes from positive to negative at
x0 = 1/2 as well as in the finite time horizon problem.

Theorem 5.2. We have

ξλ∞(x) → ξ∞

and

λ(ξ∞ − ξλ∞(x)) → 1
2
σ 4x2

0(1− x0)
2 (26)

as λ →∞ uniformly in 0 ≤ x ≤ 1.

Remark 5.2 By Theorem 5.2, the optimal growth rate can be approximated
by

ξ∞ − 1
2
σ 4x2

0(1− x0)
2 1
λ

Because the first term is Merton’s optimal growth rate, the second term is
the main liquidity effect on the optimal growth rate. The liquidity effect is the
largest at x0 = 1/2.

Similar theorems are proved in the finite time horizon problem in
Matsumoto [10]. We prove our theorems by adjusting its method. Let

K0(t, x) = E[f0(Y
x(t))].

By the definition of gλ∞(x) we have

gλ∞(x) = E[K0(τ, x)].
From Lemma 4.3, if λ is sufficiently large, we have

dgλ∞(x)

dx
= E

[
∂K0(τ, x)

∂x

]

since we can show

∂K0(t, x)

∂x
= E

[(
μ− r − σ 2Yx(t)

) ∂Y x(t)

∂x

]
.

From Taylor’s theorem for l = 0, 1 and N ∈ N, we have

∂lK0(t, x0 + h)

∂xl
=

N−1∑
n=0

1
n!

n∑
k=0

(
n

k

)
tkhn−kKk,n+l−k + RN(t, h, l),
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where

RN(t, h, l) =
N∑

k=0

(
N

k

)
tkhN−k

∫ 1

0

(1− s)N−1

(N − 1)!
∂N+lK0(st, x0 + sh)

∂tk∂xN+l−k
ds,

Ki,j = ∂i+jK0(0, x0)

∂t i∂xj
, i, j ∈ N ∪ {0}.

Therefore we obtain

dlgλ∞(x0 + h)

dxl
=

N−1∑
n=0

1
n!

n∑
k=0

(
n

k

)
hn−kKk,n+l−k

�(k + 1)

λk
+ SN(λ, h, l) (27)

for l = 0, 1 where
SN(λ, h, l) = E[RN(τ, h, l)].

Lemma 5.1. Suppose that 0 ≤ x0+h ≤ 1. For all N ∈ N and l = 0, 1, there
exist some constants CN,l > 0 and λN,l > 0 such that

|SN(λ, h, l)| ≤ CN,l

N∑
k=0

|h|N−k 1

λk
, λ ≥ λN,l .

Proof. By the Schwarz inequality, we have
∣∣∣∣∣E

[
τ k

∫ 1

0

(1− s)N−1

(N − 1)!
∂N+lK0(sτ, x0 + sh)

∂tk∂xN+l−k
ds

]∣∣∣∣∣

≤ 1
(N − 1)!E[τ

2k] 1
2 E

⎡
⎣

(∫ 1

0
(1− s)N−1 ∂N+lK0(sτ, x0 + sh)

∂tk∂xN+l−k
ds

)2
⎤
⎦

1
2

≤ 1
(N − 1)!E[τ

2k] 1
2

(∫ 1

0
(1− s)2(N−1)ds

) 1
2

×
⎛
⎝∫ 1

0
E

⎡
⎣

(
∂N+lK0(sτ, x0 + sh)

∂tk∂xN+l−k

)2
⎤
⎦ ds

⎞
⎠

1
2

= 1
(N − 1)!

�(2k + 1)
1
2

λk

(
1

2N − 1

) 1
2

×
⎛
⎝∫ 1

0
E

⎡
⎣

(
∂N+lK0(sτ, x0 + sh)

∂tk∂xN+l−k

)2
⎤
⎦ ds

⎞
⎠

1
2

.
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From Itô’s formula, we have
∂K0(t, x)

∂t
= E[Y x(t)(1− Yx(t))(μ− r − σ 2Yx(t))2

−1
2
σ 4Yx(t)2(1− Yx(t))2].

Similarly we can show that for k ≥ 1 there exists F2k+2 : R → R which is a
polynomial of degree 2k + 2 and satisfies

∂kK0(t, x)

∂tk
= E[F2k+2(Y

x(t))].

And then ∂N+lK0(t, x)/∂tk∂xN+l−k is the expectation of linear combina-
tions of

xn3
S̃(t)n1

(xS̃(t)+ 1− x)n2
, 0 ≤ n1, n2 ≤ N + l + k + 2, 0 ≤ n3 ≤ 2k + 2.

In a similar way to the proof of Lemma 4.2, we can show that there exist
some constants CN+l > 0 and λ̂ > 0 such that

E[
(

∂N+lK0(sτ, x0 + sh)

∂tk∂xN+l−k

)2

] ≤ CN+l , 0 ≤ k ≤ N, 0 ≤ s ≤ 1, λ ≥ λ̂.

Therefore we have

|E[RN(τ, h, l)]| ≤
N∑

k=0

(
N

k

)
|h|N−k 1

(N − 1)!
�(2k + 1)

1
2

λk

(
1

2N − 1

) 1
2
CN+l .

The result follows. �

Substituting N = 2 and l = 1 in (27), we have

dgλ∞(x0 + h)

dx
= �(1)hK0,2 + 1

λ
K1,1�(2)+ S2(λ, h, 1) (28)

since

K0,j = 0, j �= 0, 2,

K0,0 = K0(0, x0) = (μ− r)2

2σ 2 = ξ∞ − r,

K0,2 = −σ 2,

K1,0 = −1
2
σ 4x2

0(1− x0)
2,

K1,1 = −σ 4x0(1− x0)(1− 2x0).

For the details, see Matsumoto [10].
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Lemma 5.2. Let
hλ∞ = vλ∞ − x0.

Then there exist C1 > 0 and λ1 > 0 satisfying

∣∣hλ∞
∣∣ ≤ C1

1
λ

, λ ≥ λ1.

Proof. From Theorem 3.2 and (28), hλ∞ satisfies

�(1)K0,2h
λ∞ +

1
λ

K1,1�(2)+ S2(λ, hλ∞, 1) = 0. (29)

By Lemma 5.1 there exist some constant C2,1 such that

|S2(λ, h, 1)| ≤ C2,1

(
|h|2 + |h|

λ
+ 1

λ2

)
(30)

for sufficiently large λ. Also in the same way as Lemma 5.1, we can show
that, there exist some constant C such that

∣∣∣∣∂S2(λ, h, 1)

∂h

∣∣∣∣ ≤ C

(
|h| + 1

λ
+ |h|2 + |h|

λ
+ 1

λ2

)
(31)

for sufficiently large λ.
We consider the solution of (29) by the successive approximation as

h1 = −1
λ

K1,1�(2)
K0,2�(1)

, n = 1,

hn = −1
λ

K1,1�(2)
K0,2�(1)

− S2(λ, hn−1, 1)
K0,2�(1)

, n ≥ 2.

From (30) and (31), in a similar way to the proof of Lemma 3.3 of
Matsumoto [10], we can show that there exist constants C′, C′′ such that

|hn| ≤ C′ 1
λ
+ C′′ 1

λ2

and limn→∞ hn = hλ∞. The result follows. �

Here we consider the same formal power series as Matsumoto [10]. That
is, we consider

∞∑
j=1

φ∗j zj +
∞∑
i=1

i∑
k=1

γi,kz
k

⎛
⎝ ∞∑

j=1

φ∗j zj

⎞
⎠

i−k

= 0



Optimal growth rate in random trade time 151

for constants γi,k , 1 ≤ k ≤ i. We get

φ∗j =
{−γ1,1, j = 1,

−Pj (γi,k, φ
∗
l : 1 ≤ k ≤ i ≤ j, l ≤ j − 1), j ≥ 2,

where Pj is a polynomial with positive integer coefficients. ηj is given by
replacing γi,k in φ∗j by

(
i

k

)
1
i!

Kk,i−k+1

K0,2

�(k + 1)

�(1)
.

Proof of Theorem 5.1. We use the mathematical induction. First it holds for
n = 0 by Lemma 5.2.

Next we suppose that it holds for n ≤ N . If |h| ≤ C/λ for some constant
C, there exists some constant C′ > 0 such that

|SN+2(λ, h, l)| ≤ C′ 1

λN+2

for sufficiently large λ by Lemma 5.1. From (27) and Lemma 5.2, we can
show that there exist some constant C′′∣∣∣∣∣

(
vλ∞ −

N+1∑
n=0

ηn

λn

)
K0,2�(1)

∣∣∣∣∣ =
∣∣∣∣∣
(

hλ∞ −
N+1∑
n=1

ηn

λn

)
σ 2

∣∣∣∣∣ ≤
C′′

λN+2

for sufficiently large λ in a similar way to the proof of Theorem 2.2 of
Matsumoto [10]. The result follows. �

Proof of Theorem 5.2. Substituting N = 2 and l = 0 in (27), we have

ξλ∞(x)− r = gλ∞(x0 + hλ∞)

= K0,0 + �(1)hλ∞K0,1 + 1
λ

K1,0�(2)+ S2(λ, hλ∞, 0)

= ξ∞ − r − 1
2
σ 4x2

0(1− x0)
2 1
λ
+ S2(λ, hλ∞, 0).

If λ is sufficiently large, we have

|S2(λ, hλ∞, 0)| ≤ C
1

λ2

for some constant C by Lemmas 5.1 and 5.2. The result follows. �
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6. Conclusion

In this paper, the optimal growth rate has been studied in a random trade
time model. We have established the existence of the optimal growth rate and
provided the explicit solution. And we find a natural optimal strategy which
is represented as a solution of a simple maximization problem.

Also we have shown the convergence of the optimal growth rate and the
optimal strategy as the time horizon goes to infinity. Further we have shown
the liquidity effects are related with Merton’s optimal strategy by analyzing
their asymptotic behavior as the liquidity becomes higher.
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Abstract. We give a simplified proof of the fact that law invariant convex risk mea-
sures automatically have Fatou property, which is first shown by Jouini et al. (Adv.
Math. Econ. 9:49–71, 2006). After providing a streamlined proof of Kusuoka’s rep-
resentation theorem of law invariant and comonotonically additive coherent risk mea-
sures, we prove that a coherent distortion risk measures preserves some well-known
stochastic orders.
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1. Introduction

We first recall the definition of coherence of risk measures according to
Artzner et al. [2, 3]. Let (
,F , P) be a probability space, and L∞ =
L∞(
,F , P) be the set of all P-essentially bounded random variables. In
what follows, a random variable X represents the loss, not the value of a
financial position.

Definition 1.1. A coherent risk measure is a functional ρ : L∞ → R satisfy-
ing the following four properties:

[PO] (positivity): If X ≤ 0, then ρ(X) ≤ 0.
[PH] (positive homogeneity): For any λ > 0, ρ(λX) = λρ(X).
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[SA] (subadditivity): ρ(X + Y ) ≤ ρ(X)+ ρ(Y ).
[TI] (translation invariance): For any c ∈ R, ρ(X + c) = ρ(X)+ c.

For a nice representation theorem, the following continuity property is
needed.

[FA] (Fatou property): If the Xn are uniformly bounded in absolute value by

1 and Xn
P→ X, then ρ(X) ≤ lim inf ρ(Xn).

Delbaen [4] proved that any coherent risk measure with the Fatou property
can be represented as

ρ(X) = sup
{

EQ(X) : Q ∈ Q
}

,

where Q is a set of probability measures and each member of Q is absolutely
continuous with respect to P.

Next we need the following definition. For a distribution function F , we
define its quantile F−1 on (0, 1) by F−1(u) := inf{x : F(x) ≥ u}.
Definition 1.2. Random variables X1, . . . , Xd are said to be comonotone if
one of the following equivalent statements holds:

(1) For every i �= j ,
(
Xi(ω) − Xi(ω

′)
)(

Xj(ω) − Xj(ω
′)

) ≥ 0 for P ⊗ P-
almost all (ω, ω′).

(2) The joint distribution function of X1, . . . , Xd is given by the upper
Fréchet bound FX1(xd) ∧ · · · ∧ FXd

(xd), where FXi
is the marginal

distribution function of Xi for i = 1, . . . , d.
(3) For U ∼ U(0, 1), (X1, . . . , Xd) and (F−1

X1
(U), . . . , F−1

Xd
(U)) have the

same distribution.
(4) There exist a random variable Z and increasing functions f1, . . . , fd

such that (X1, . . . , Xd) and (f1(Z), . . . , fd(Z)) have the same
distribution.

Note that we define the comonotonicity as a distributional property rather
than a property of random variables. See Dhaene et al. [7] for an overview of
the concept of comonotonicity in actuarial science and finance.

Now we introduce two more axioms:

[LI] (law invariance): For any two random variables X and Y with the same
law, we have ρ(X) = ρ(Y ).

[CA] (comonotonic additivity): ρ(X + Y ) = ρ(X) + ρ(Y ) if X and Y are
comonotone.

It is strongly desirable that we are able to estimate the value of risk measures
statistically (as also claimed in [1]), and to this end the law invariance [LI] is
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necessary. When X and Y are comonotone, they move together in one direc-
tion with probability 1, so, as rightly described in Yaari [20], neither of them
is a hedge against the other. The comonotonic additivity [CA] then means
that for such two risks, we should have additivity instead of subadditivity,
which is a very natural requirement.

Recently the concept of convex risk measure has been introduced by
Föllmer and Schied [8,9]. A convex risk measure is a functional ρ : L∞ → R

satisfying the translation invariance [TI] and

[MO] (monotonicity): If X ≤ Y , then ρ(X) ≤ ρ(Y ).
[CX] (convexity): ρ(λX+ (1−λ)Y ) ≤ λρ(X)+ (1−λ)ρ(Y ) for 0 ≤ λ ≤ 1.

Note that every coherent risk measure is a convex risk measure and that [TI]
and [MO] imply (see [8])

|ρ(X)− ρ(Y )| ≤ ‖X − Y‖∞. (1.1)

2. Fatou property and law invariance

Jouini et al. [11] proved that for convex risk measures, the Fatou property
[FA] automatically follows from the law invariance [LI]. Here we give a di-
rect and shorter proof of this result (with a slightly weaker condition on the
underlying probability space) although our method is somewhat similar to
theirs. Let us recall that a set A ∈ 
 is called an atom of P if P(A) > 0 and
for every B ⊂ A with B ∈ F , one has either P(B) = 0 or P(B) = P(A).
Then (
,F , P) is called atomless if P does not have any atoms.

We first prove the following lemma, which may be of independent
interest.

Lemma 2.1. Suppose that (
,F , P) is atomless. Let (Xn) be a sequence of

random variables uniformly bounded in absolute value by 1, and Xn
P→ X.

Then one can find a triangular array of random variables Ynk , k = 1, . . . , Nn

and n ∈ N on (
,F , P) with the following two properties:

(1) For each n, Ynk , k = 1, . . . , Nn has the same distribution as Xn.

(2)
1

Nn

Nn∑
k=1

Ynk → X in L∞.

Proof (due to Delbaen). Fix any m ∈ N and set

Aj = {ω ∈ 
 : j/m ≤ X(ω) < (j + 1)/m}
for j = −m,−m + 1, . . . ,−1, 0, 1, . . . , m − 2. For j = m − 1, we define
Amj by the above equation with < replaced by ≤. Without loss of generality,
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we may assume P(Aj ) > 0 for all j (otherwise define everything to be 0 on
such sets of measure 0). Now, for some nm large enough, we have

P
({|X −Xn| > 1/m} ∩ Aj

) ≤ P(Aj )/m

for all j = −m,−m + 1, . . . ,−1, 0, 1, . . . , m − 1 and n ≥ nm. We can
take the sequence (nm)m∈N to be increasing. Let Cjn = {|Xn − j/m| >

2/m} ∩ Aj . Then P(Cjn) ≤ P(Aj )/m. Using the assumption that P has no
atoms, we can divide Aj into m sets B1

j , . . . , Bm
j of equal P-probability so

that Cjn ⊂ B1
j and

P(Bi
j |Aj) = 1/m, i = 1, . . . , m.

Applying Proposition 6.9 in [4] to the restrictions of P to the Bi
j , for each i

and j , we can construct Vnk so that, for k = 1, . . . , m,

P
({Vnk ≤ y} ∩ Bi

j

) = P
({Xn ≤ y} ∩ Bi+k−1

j

)
.

Here and in the rest of the proof, we use the convention “mod m” in the
superscript of B. It then follows that

P(Vnk ≤ y) =
m−1∑

j=−m

m∑
i=1

P
({Vnk ≤ y} ∩ Bi

j

)

=
m−1∑

j=−m

m∑
i=1

P
({Xn ≤ y} ∩ Bi+k−1

j

) = P
(
Xn ≤ y

)
.

This shows that the Vnk have the same distribution as Xn under P. Moreover,
by construction, P-a.s. on Aj

∣∣∣∣Vnk(ω)− j

m

∣∣∣∣ ≤
{

2, if ω ∈ Bm+2−k
j ,

2/m, otherwise.

Therefore, P-a.s. on Aj ,

∣∣∣∣X− 1
m

m∑
k=1

Vnk

∣∣∣∣ ≤
∣∣∣∣X− j

m

∣∣∣∣+
∣∣∣∣ j

m
− 1

m

m∑
k=1

Vnk

∣∣∣∣ ≤ 1
m
+m− 1

m

2
m
+ 2

m
<

5
m

.

Note now that the Vnk’s in fact depend on m; thus write V m
nk . What we

have shown is that for each m, there exists an nm such that for all n ≥ nm, we
can construct random variables V m

n1, . . . , V
m
nm satisfying that, for each n, V m

nk ,
k = 1, . . . , m has the same distribution as Xn, and

∣∣X − (1/m)
∑m

k=1 V m
nk

∣∣ ≤
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5/m. For each n, there exists a unique m satisfying nm ≤ n < nm+1. Let Nn

be equal to this m and define Ynk = V m
nk . It is then clear that the Ynk thus

defined satisfy the required properties. �

Now we can easily prove the following theorem.

Theorem 2.2. Assume that (
,F , P) is atomless. Then every law invariant
convex risk measure ρ(X) satisfies the Fatou property.

Proof. Let |Xn| ≤ 1 for every n and ω, and Xn
P→ X. Let Ynk be a triangu-

lar array of random variables satisfying the properties stated in Lemma 2.1.
Write

Yn = 1
Nn

Nn∑
k=1

Ynk.

The convexity of ρ and the law invariance yield

ρ(Yn) = ρ
( 1

Nn

Nn∑
k=1

Ynk

)
≤ 1

Nn

Nn∑
k=1

ρ(Ynk) = ρ(Xn).

We use (1.1) and take limit inferior on both sides to get

ρ(X) = lim
n→∞ ρ(Yn) ≤ lim inf

n→∞ ρ(Xn),

as required. �

3. Representation of law invariant, comonotonically
additive coherent risk measures

Under the assumption that (
,F , P) is a standard probability space,
Kusuoka [12] showed that every law invariant, comonotonically additive
coherent risk measure can be represented as the expectation of the risk un-
der a convexly distorted distribution. Here we present his result in the form
suitable for us and give an easy proof under a slightly weakened assumption
of atomlessness, emphasizing the distorted expectation aspect of the risk
measures. As a preparation, we recall the following results:

Proposition 3.1. Let (X, Y ) be random variables with a joint distribution
function H(x, y), and let F and G denote the marginal distribution functions
of X and Y respectively:
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(1) Hoeffding’s lemma: Suppose E|X|, E|Y | and E|XY | are all finite. Then

E(XY)− E(X)E(Y ) =
∫ ∞

−∞

∫ ∞

−∞
[
H(x, y)− F(x)G(y)

]
dxdy.

(2) Frechét–Hoeffding bounds: We have

(F (x)+G(y)− 1) ∨ 0 ≤ H(x, y) ≤ F(x) ∧G(y),

where a ∨ b and a ∧ b denote the maximum and minimum of a and b

respectively.

For proofs of (1) and (2), see Lehmann [13], or Lemma 5.24 and Theorem 5.7
of McNeil et al. [15].

Next we give a definition of distortion function:

Definition 3.2. Any distribution function D on [0, 1] is called a distortion
function: Namely a distortion function D is a right-continuous increasing
function on [0, 1] with values in [0, 1] such that D(0) = 0 and D(1) = 1.

Given a distortion D and a distribution function F , D ◦F is again a distribu-
tion function, which we will call the distorted distribution under D. And the
expectation under the distorted distribution function D ◦ F will be called the
distorted expectation under D.

Now we can give a streamlined proof of the following theorem due to
Kusuoka [12].

Theorem 3.3. Suppose that (
,F , P) is atomless and that a coherent risk
measure ρ(X) satisfies [LI] and [CA]. For X ∈ L∞, let FX be the distribu-
tion function of X under P and F−1

X be its quantile. Then there exists a convex
distortion D such that

ρ(X) =
∫
[0,1]

F−1
X (u) dD(u) =

∫
R

x dD ◦ FX(x). (3.1)

Conversely, ρ given by (3.1) with a convex distortion D is a coherent risk
measure satisfying [LI] and [CA].

Proof. Let Q . P and put YQ = dQ/dP. We denote by FYQ the distribution
function of YQ under P. Also let F be the joint distribution function of X and
YQ under P. Then, for X ∈ L∞, by Hoeffding’s lemma (apply twice) and
Frechét–Hoeffding upper bound in Proposition 3.1, we get
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EQ(X)=EP(XYQ)

=
∫ ∞

−∞

∫ ∞

−∞
[
F(x, y)− FX(x)FYQ(y)

]
dxdy + EP(X)EP(YQ)

≤
∫ ∞

−∞

∫ ∞

−∞
[
FX(x)∧FYQ(y)−FX(x)FYQ(y)

]
dxdy+EP(X)EP(YQ)

=
∫ ∞

−∞

∫ ∞

−∞
xy K(dx, dy) =

∫ 1

0
F−1

X (u)F−1
YQ

(u) du,

where K(x, y) := FX(x)∧FYQ(y) and F−1
YQ

is the quantile of the distribution
function of YQ. We have thus proved that for every X ∈ L∞ and Q . P,

EQ(X) ≤
∫ 1

0
F−1

X (u)F−1
YQ

(u) du (3.2)

(with the equality when X and YQ are comonotone). In passing we remark
that the same argument with the lower bound would yield a proof of Hardy–
Littlewood inequality; see [9, Theorem 2.76].

Now let P0 = {Q : Q . P, EQ(X) ≤ ρ(X) for all X ∈ L∞}. It follows
from Theorem 3.2 of [4] and (3.2) that

ρ(X) = sup
Q∈P0

EQ(X) ≤ sup
Q∈P0

∫ 1

0
F−1

X (u)F−1
YQ

(u) du. (3.3)

On the other hand, since (
,F , P) is atomless, for any Q . P and X ∈ L∞,
we can construct X̃ which has the same distribution as X and is comonotone
with YQ. It then follows that for Q ∈ P0,

ρ(X) = ρ(X̃) ≥ EQ(X̃) = EP(X̃YQ) =
∫ 1

0
F−1

X (u)F−1
YQ

(u) du,

and hence

ρ(X) ≥ sup
Q∈P0

∫ 1

0
F−1

X (u)F−1
YQ

(u) du.

But we have shown in (3.3) the reverse inequality, so the equality must hold
in the above:

ρ(X) = sup
Q∈P0

∫ 1

0
F−1

X (u)F−1
YQ

(u) du. (3.4)

Define

D(u) :=
∫ u

0
F−1

YQ
(v) dv. (3.5)
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Since YQ is positive, so is F−1
YQ

, whence D is increasing. And D has an in-

creasing density F−1
YQ

(v), so it is convex. Finally D(1) = EP(YQ) = 1. Thus
D is a convex distortion.

Let Dcx denote the set of convex distortions. We shall prove the following
two claims:

(1) Dcx is compact with respect to the topology of weak convergence.

(2) D �→
∫

R

x dD◦F(x) is continuous on Dcx for each distribution function

F of X ∈ L∞.

Let D[0, 1] be the set of distribution functions on [0, 1], which is compact.
Since Dcx ⊂ D[0, 1], we need only to show that Dcx is closed. Suppose that

Dn ∈ Dcx and Dn
d→ D. Denoting by C the set of all continuity points of D,

this means that Dn(u) → D(u) for every u ∈ C. If u and v belongs to C and
if 0 < λ < 1 is such that λu+ (1− λ)v ∈ C, then we clearly have

D(λu+ (1− λ)v) ≤ λD(u)+ (1− λ)D(v).

But C is dense in [0, 1] (in fact, C� is countable), so the right-continuity of
D establishes the above inequality for all u, v in [0, 1] and 0 < λ < 1, i.e.,
D ∈ Dcx. Note that v = 1 cannot be approached from the right, but we
always have D(1) = 1. This shows the compactness of Dcx.

For (2), note that D ∈ Dcx is continuous on [0, 1) because it is convex
and D(0) = 0. Thus the only possible discontinuity point of any D ∈ Dcx is

u = 1. Now suppose Dn
d→ D in Dcx. Then for any x with F(x) < 1, one

has Dn ◦F(x) → D◦F(x). Also Dn(1) = 1 and D(1) = 1, so Dn ◦F(x) →
D◦F(x) holds for x with F(x) = 1 as well. Thus obviously Dn◦F d→ D◦F .
Since X is bounded a.s., this entails that

∫
R

x dDn ◦ F(x) →
∫

R

x dD ◦ F(x),

which proves (2).
What we have shown in (3.4) can be rephrased as follows: there exist

D0 ⊂ Dcx such that

ρ(X) = sup
D∈D0

∫
[0,1]

F−1
X (u) dD(u). (3.6)

For the rest of the proof, we may argue as in Kusuoka [12] (see his
Theorem 7 and Proposition 21). We include the proof for completeness. If
we put
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Dρ =
{
D ∈ Dcx :

∫
[0,1]

F−1
X (u) dD(u) ≤ ρ(X) for all X ∈ L∞

}
,

D0 in (3.6) may clearly be replaced by Dρ . By (2) shown above, Dρ is closed,
and hence compact. Therefore for each fixed X ∈ L∞, one can find a DX ∈
Dρ for which one has ρ(X) = ∫

[0,1] F
−1
X (u) dDX(u). Let

Dρ(FX) =
{
D ∈ Dρ :

∫
[0,1]

F−1
X (u) dD(u) = ρ(X)

}
.

This is clearly closed, and what we have shown amounts to Dρ(FX) �= ∅.
Now we make the following assertion: For any finite number of distribu-

tion functions F1, . . . , Fk with bounded supports, Dρ(F1), . . . , Dρ(Fk) has a
nonempty intersection. To prove this, let X1, . . . , Xk be comonotone random
variables with distribution functions F1, . . . , Fk respectively (just let Xi =
F−1

i (U) for a uniform random variable U ). Put X = ∑k
i=1 Xi , and denote

its distribution function by F . Then by [CA], we have ρ(X) = ∑k
i=1 ρ(Xi).

Note that since X1, . . . , Xk are comonotone, we have F−1 = ∑k
i=1 F−1

i

(see [6] or [7] for a proof ). If we choose D ∈ Dρ(F ), then

k∑
i=1

∫
[0,1]

F−1
i (u) dD(u) =

∫
[0,1]

F−1(u) dD(u) = ρ(X) =
k∑

i=1

ρ(Xi).

On the other hand, we must have,∫
[0,1]

F−1
i (u) dD(u) ≤ ρ(Xi), i = 1, . . . , k.

Hence the equality must hold in each of the above inequalities, which implies
D ∈ ⋂k

i=1 Dρ(Fi). We have proved that {Dρ(F ) : F distribution function of
X ∈ L∞} has the finite intersection property in Dcx, which is compact, Thus
there exists an element D̂ ∈ Dcx which belongs to Dρ(F ) for every distribu-
tion function F of X ∈ L∞. Namely, for any X ∈ L∞,

ρ(X) =
∫
[0,1]

F−1
X (u) dD̂(u).

This proves the first half of Theorem 3.3.
Finally, suppose that ρ is of the form (3.1). Then ρ is clearly a law in-

variant coherent risk measure. If X and Y are comonotone, then F−1
X+Y =

F−1
X + F−1

Y as we noted above. Thus ρ is comonotonically additive. �

Theorem 3.3 suggests that we should look at risk measures of the form
(3.1), i.e., the distorted expectation under D, if we are willing to accept the
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very plausible requirements of coherence, law invariance and comonotonic
additivity. In fact, we know more from (3.5); the distortion function D has
a density which is the quantile of the distribution function of the Radon–
Nikodym density YQ.

The reason that we stick to the expression above and not the original form
of Kusuoka representation is as follows: We can regard F−1

X as the rearrange-
ment of X in increasing order in the sense of Hardy et al. [10, §10.12]. Since
X represents the loss, the larger values in the unit interval (0, 1) correspond
to unfavorable events. Thus if D in ρ(X) above put much weight to the val-
ues near 1, it reveals decision maker’s conservative attitude in assessing the
risk X. In this way, intuitive interpretation of the distortion function D is
possible.

Let us note that the renowned value at risk and the conditional tail expec-
tation may be represented as a distorted expectation.

Example 3.4 (Value at risk). Taking D(u) = 1[1−α,1](u), 0 < α < 1 pro-
duces the well-known value at risk (VaR), which is just the (1−α)-th quantile
F−1

X (1 − α). It is well known (see [2]) that the VaR is not a coherent risk
measure. From the distortion point of view, it is because the corresponding
distortion D is not convex.

Example 3.5 (Expected shortfall). For 0 < α < 1, let

DES
α (u) = 1

α

[
u− (1− α)

]
+,

where a+ = a ∨ 0. Then the resulting risk measure is the renowned expected
shortfall:

ESα(X) = 1
α

∫ 1

1−α

F−1
X (u) du.

This DES
α is certainly convex, so the expected shortfall is a coherent risk mea-

sure, which is a well-known fact.

4. Preservation of some stochastic orders

If D is a convex distortion, then, as a transformation on the space of distri-
bution functions, it preserves some well-known stochastic orders. Recall the
following definitions:

Definition 4.1. Let F and G be distribution functions on R.

(1) G is called stochastically larger than F (F  st G) if G(x) ≤ F(x) for
all x ∈ R.
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For the next two stochastic orders, we assume that the means of F and G

exist.

(2) F is called less dangerous than G (F  D G) if there exists x0 such
that F(x) ≤ G(x) for x < x0 and G(x) ≤ F(x) for x ≥ x0, and if∫

x dF(x) ≤ ∫
x dG(x).

(3) G is called larger than F in increasing convex order (F  icx G) if∫
h(x) dF (x) ≤ ∫

h(x) dG(x) for every increasing convex function h

on R for which the integrals exist.

Note that the increasing convex order is also known as stop loss order
in actuarial mathematics. See Müller and Stoyan [16] for properties of these
stochastic orders.

Theorem 4.2. Let D ∈ Dcx. Then we have:

(1) If F  st G, then D ◦ F  st D ◦G.
(2) If F  D G, then D ◦ F  D D ◦G.
(3) If F  icx G, then D ◦ F  icx D ◦G.

For (2) and (3), we assume that the means of F , G, D ◦F and D ◦G all exist.

Proof. (1) is trivial (we do not need convexity for (1)).
(2) Let F  D G, and x0 be a point such that F(x) ≤ G(x) for x < x0

and G(x) ≤ F(x) for x ≥ x0. Then clearly D ◦ F(x) ≤ D ◦ G(x) for
x < x0, and D ◦ G(x) ≤ D ◦ F(x) for x ≥ x0. So we need only prove∫

x dD ◦ F(x) ≤ ∫
x dD ◦ G(x). First suppose that 0 < G(x0) < 1. Note

that∫ ∞

−∞
x dD◦G(x)−

∫ ∞

−∞
x dD◦F(x)=

∫ ∞

−∞
[D◦F(x)−D◦G(x)] dx=:I1+I2,

where

I1 :=
∫ x0

−∞
[D◦F(x)−D◦G(x)] dx, I2 :=

∫ ∞

x0

[D◦F(x)−D◦G(x)] dx.

Since F(x) ≤ G(x) for x ∈ (−∞, x0), we have D ◦ G(x) − D ◦ F(x) ≤
d(G(x))(G(x)− F(x)), where d is the left derivative of D. Then

I1 ≥ −d(G(x0))

∫ x0

−∞
[G(x)− F(x)] dx.

One can show in a similar manner that

I2 ≥ d(G(x0))

∫ ∞

x0

[F(x)−G(x)] dx.
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Hence,

I1 + I2 ≥ d(G(x0))

∫ ∞

−∞
[F(x)−G(x)] dx ≥ 0

because d is positive and
∫∞
−∞[F(x) − G(x)] dx = ∫

x dG(x) − ∫
x d

F(x) ≥ 0.
If G(x0) = 1, then we must have F(x) ≤ G(x) for all x ∈ R. On the

other hand, 0 ≤ ∫
x dG(x) − ∫

x dF(x) = ∫∞
−∞[F(x) − G(x)] dx implies

that F ≡ G.
Finally, if G(x0) = 0, then F = G ≡ 0 on (−∞, x0). This means

F(x) ≥ G(x) for all x ∈ R, i.e., F  st G. By (1), D ◦ F  st D ◦ G

then holds, and so we get
∫

x dD ◦ F(x) ≤ ∫
x dD ◦G(x).

(3) Define the dual D∗ of D by D∗(u) = 1 − D(1 − u). The survivor
function F of a given distribution function F is defined by F = 1 − F .
Then the survivor function of the distorted distribution function D ◦ F is
given by D∗ ◦ F . By Theorem 1.5.7 of Müller and Stoyan [16], to prove
D ◦ F  icx D ◦G, it is enough to show that

∫ ∞

t

D∗ ◦ F(x) dx ≤
∫ ∞

t

D∗ ◦G(x) dx

holds for each t ∈ R.
Convexity of D implies that D∗ is concave, so there exists a sequence of

piecewise linear concave distortions D∗
n such that D∗

n ↑ D∗ pointwise. Such
a D∗

n can be written as a convex combination of functions having the form
(u/α) ∧ 1, 0 < α ≤ 1 (In fact, this is precisely the dual of the distortion
associated with the expected shortfall in Example 3.5. Therefore, in view of
monotone convergence theorem, we have only to show, for a fixed t ∈ R and
0 < α ≤ 1,

∫ ∞

t

(
F(x)

α
∧ 1

)
dx ≤

∫ ∞

t

(
G(x)

α
∧ 1

)
dx. (4.1)

Note that G(x) ≤ α iff x ≥ G−1(1−α). So we separate two cases: When
t ≥ G−1(1 − α), (4.1) follows easily. Using the assumption F  icx G, we
get

∫ ∞
t

(
G(x)

α
∧ 1

)
dx =

∫ ∞
t

G(x)

α
dx ≥

∫ ∞
t

F (x)

α
dx ≥

∫ ∞
t

(
F(x)

α
∧ 1

)
dx.

When t < G−1(1−α), splitting the range of the integral at G−1(1−α) yields
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∫ ∞
t

(
G(x)

α
∧ 1

)
dx=

∫ G−1(1−α)

t
1 dx +

∫ ∞
G−1(1−α)

G(x)

α
dx

≥
∫ G−1(1−α)

t

(
F(x)

α
∧1

)
dx +

∫ ∞
G−1(1−α)

(
F(x)

α
∧ 1

)
dx

=
∫ ∞
t

(
F(x)

α
∧ 1

)
dx,

as required. �

Remark 4.3. Another way of proving (3) would be to apply Theorem 1.5.19
in Müller and Stoyan [16], together with (2) although a careful treatment of
the step involving limits is necessary.

When X and Y have distribution functions F and G respectively, we write
X  st Y when F  st G; and similarly for X  D Y and X  icx Y . Since
X  st Y implies X  D Y , which in turn implies X  icx Y , we have the
following corollary.

Corollary 4.4. Any of X  st Y , X  D Y or X  icx Y implies ρD(X) ≤
ρD(Y ).

Remark 4.5. A proof of the above corollary in Wang [18, Theorem 1] con-
tains an error. One can find a similar statement in Yaari [20]. A simple proof
of a part of the Corollary 4.4 is also given in Leitner [14]. In the literature,
this is a common statement concerning the preservation of stochastic order
by risk measures. Note, however, that Theorem 4.2 is a stronger result in that
if D ∈ Dcx, then F  icx G implies

∫
h(x) dD ◦ F(x) ≤ ∫

h(x) dD ◦G(x)

for all convex increasing h, not just for h(x) = x.

5. Concluding remarks

We note that many premium principles in actuarial mathematics can be writ-
ten as a distorted expectation. Wang [18] is considered to be the first to pro-
pose the distortion approach to premium principles although Denneberg [5]
had already indicated possible generalization using distorted probabilities.
He also showed that for a convex D, the distortion premium principle pos-
sesses many desirable properties as a premium principle. Wang et al. [19] take
the axiomatic approach similar to that given above and prove the analogous
representation theorem for premium principles.

In Tsukahara [17], the present author introduces parametric families of
convex distortions, and several examples of distortion risk measure can be
found therein.
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